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Abstract In the present paper, we establish a subordination theorem involving a multiplier 
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§1. Introduction and preliminaries 


Let A, denote the class of functions of the form 


CO 
f(Z=2+ >> a2*, (pEN;zeE 
k=p+1 


wa 


which are analytic and p-valent in the open unit disk E = {z : |z| < 1}. Obviously, A; = A, 
the class of all analytic functions f, normalized by the conditions f(0) = f’(0) — 1 = 0. Let the 
functions f and g be analytic in E. We say that f is subordinate to g in E (written as f ~ g), if 
there exists a Schwarz function ¢ in E (ie. ¢ is regular in |z| < 1, 6(0) = 0 and |¢(z)| < |z| < 1) 
such that 


f(z) = 9((2)), lal <1. 


Let ®: C? x E— C be an analytic function, p an analytic function in E with (p(z), zp'(z); z) € 


C? x E for all z € E and h be univalent in E. Then the function p is said to satisfy first order 


differential subordination if 
®(p(z), zp'(z); z) = h(z), ®(p(0), 0; 0) = h(0). (1) 


A univalent function q is called a dominant of the differential subordination (1) if p(0) = q(0) 
and p ~ q for all p satisfying (1). A dominant ¢ that satisfies g < q for all dominants gq of (1), 
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is said to be the best dominant of (1). The best dominant is unique up to a rotation of E 


A function f € A, is said to be p-valent starlike of order a(0 < a < p) in E if 


R (=) >a,zeE 


Let S} (a) denote the class of p-valent starlike functions of order a. Write S>(0) = S}, the class 


of p-valent starlike functions. 


A function f € A, is said to be p-valent convex of order a(0 < a < p) in E if it satisfies the 


LO) aren 
R (1+ P(e) >a,zeEE 


Let the class of such functions be denoted by K,(a). Let K,(0) = Ky, the class of p-valent 


convex functions. 


condition 


A function f € Ap is said to be p-valent parabolic starlike in E if 
£0) zf'(z) 

R ( > p 
f(z) f(z) 


Let SZ, denote the class of p-valent parabolic starlike functions. Write St = Sp, the class of 


,zE€E 


parabolic starlike functions. 


A function f € Ap, is said to be uniformly p-valent convex in E if 
MN 

n (14 £2) > |¥O 

f(z) f(z) 

and is denoted by UCVp, the class of uniformly p-valent convex functions and Let UCV; = UCV, 


(p — 1) 


z 


’ 49 


the class of uniformly convex functions. 
For f € Ap, we define the multiplier transformation [,(n, A) as 


Co k+ 2X n 
Ip(n, A)[f] (2) = 2? + ye (5) azz", where \ > 0,n € Z. 


Recently, Billing [2-6] and Singh et al. [15, 16] investigated the operator I,(n,) and ob- 
tained certain sufficient conditions for starlike and convex functions. Earlier, this operator 
was studied by Aghalary et al. [1]. In 2003, Cho and Srivastava [8] and Cho and Kim 
[7] investigated the operator I,(n, A), whereas Uralegaddi and Somanatha [17] studied the 


operator [,(n,1). The operator I,(n,0) is the well-known Salagean [14] derivative operator 


D" f(z) =z+ > kagz*,n © No =NU {0} and f € A. 
k=2 
Let S,(@) denote the class of functions f € A for which 


n (FO) 5 ace LO<a<l. 


Df \(z) 
In 1989, Owa, Shen and Obradovié [12] studied this class and proved the following result. 
Theorem 1.1. Forn €No. if f CA satisfies 


| DTA) 


-1 


De Tfl(z) 


a | Dr+{f\(2) 
Dei fi(2) 
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D™UF2)\ . 
Daiji) ) 7 FE Sul) 


Later on, Li and Owa [9] extended this result by proving the following result. 
Theorem 1.2. Forn €No, if f ECA satisfies 


for some a(0<a< 1/2) and B(0 < 8 <1) then ( 


"| De? [fl() 


Det fl(2) 


pale ; 


D"[f](2) 


i (l—-a)($-a)®, O0<a<§, 


for some a(0 <a <1),8 > 0 andy > 0 with B+7 > 0, then f € Si(a), n Ee No. Let 
Sn(p, A, a) denote the class of functions f € A, for which 


I(n+i NN). @ 
a (eee) 


In 2008, Billing et al. [15] investigated the above class and proved the following sufficient 


L,0<a<p. 


condition for a multivalent function to be a member of this class. 
Theorem 1.3. Let f € A, satisfy 


Y 


< M(p,A, a, 6,7),2 € E, 


(rn +L Alfie) _ a: 
Ip(n, A)FI(2) Ip(n + 1, A)[F](2) 

for some real numbers a, and y such thatO <a<p,B>0,7y >0,6+~7 > 0, then f € 

Sn(p,r,a), where n € No and 


M(p, , a, 8,7) = (1 *) 0 


For f € Ap, we define a class S,,(p, A) consisting of functions which satisfy 


[, Fo I,(n + 1, AJTAI(2) : 
RL y 
Geasac Tom, Nfl) P17 ie 
where \ > 0,n € No. Note that So(p,0) = SZ and S;(p,0) = UCV,. Define the parabolic 


domain 2 as under 
Q={u+iv:u>V(u-—p)?+v?}. 


r-re% (e(128)) 


maps the unit disk E onto the domain 2. Hence the condition (2) is equivalent to 


Tp(n + 1, ANA) 
Tp(n, A)[f](2) 


z 


’ 


Clearly the function 


< q(z) 


where q(z) is given above. 

Ronning [13] and Ma and Minda [10] studied the domain 2 and the above function q(z) in a 
special case where p = 1. In the present paper, we obtain sufficient conditions for a function 
f € Ap to be a member of class S,(p,A). As consequences of our main result, we obtain 


4 Richa Brar and Sukhwinder Singh Billing No. 1 


sufficient conditions for parabolic starlikeness, starlikeness, uniform convexity and convexity of 
multivalent /univalent analytic functions. 


To prove our main results, we shall use the following lemma of Miller and Mocanu ( [11], p.132). 


Lemma 1.1. Let q be a univalent in E and let 0 and ¢ be analytic in a domain D 


containing q(E), with o(w) #0, when w € q(E). Set Q(z) = zq'(2ola(z)], A(z) = Ola] + Q(2) 
and suppose that either 


(i) h is convex, or 

(ti) Q is starlike. 

In addition, assume that 
cA a) : 

iti) R >0 for all zinE 

ci (ey) > 94 

If p is analytic in E, with p(0) = ¢(0), p(E) Cc D and 


A[p(z)] + zp'(z) ¢lp(2)] < Ala(z)] + 2q'(2)¢la(2)], 2 € E, 


then p(z) ~ q(z) and q is the best dominant. 


§2. Main Result 


In what follows, all the powers taken are principal ones. 


Theorem 2.1. Let q(z) be a univalent function in E such that 


writ pee) 3 (2 i) 8) >0 


q'(z) Bp q(z) 
(ii) R E ze ae ! (3 1) he - (1 i 3) (p+ dale) > 0. 


If f € Ap satisfies 


Ip(n +1, MI)" (oP +2 NU@ "Lewy (arp). 7) _\" 
CTaavie) Emeraie) <2" (+ Giiee) > © 


then 
I,(n + 1, ATFI(2) 


Ip(n, A)LFI(2) 
where X >0,n € No and B,y are complex numbers such that B 4 0. 


Proof. On writing (n+ LAA) = u(z), in (3), we obtain: 


Tp(n, A)[f](2) 


< q(z),2 €E, 


(p+ A)u (p+ A)q 
or 
441 u(z)®— tzu! (z) 441 q(z)®~*zq'(z) 
(u(z)) BrP + (pid) (q(z)) 87 + oD) 
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and aie D 
o(w) = (p +.) 
Therefore, 
= 17) _ 12)? *2¢'(z) 
Q(z) = o(a(z))2¢(z) = Gan 
and Z-1,01 
h(2) = 6(a(2)) + Q2) = (a(2)) + ©) DFR) 

On differentiating, we obtain an =1+ oe (3 1) ae and 

Zh'(z) _ zq’(z) , (4 zq'(z) | Fane 3 

we 2+ ey (5-3) Gey + (14g) oa 


h! 
In view of the given conditions, we see that Q is starlike and R (3 a > 0. 
z 


Therefore, the proof, now follows from Lemma 1.1. 


Remark. Setting \ =0 and p=1 in Theorem 2.1, we have the following result. 
Theorem 2.2. If f € A satisfies 


(oy! (pei) < (q(z))7 (a2) + aN ze, 


then 
D™*tFAl@) 


D"|f\(2) 


where n € No and B,y are complex numbers such that 6B # 0. 


q(z),z €E, 


§3. Applications 


=\\2 
2 1 
Remark 3.1. When we select the dominant q(z) = 1+— (io € as ve) in Theorem 
7 — Vz 


2.1, a little calculation yields that 


14 2) (3 i) zq'(z) 142 Vi 


ge) ~\B~°] ale) ~ 20-2) * 2) tog (2B) 


1-Vvz 


- (3-1) wties bos (2%) 


io 22 (2 1) 2a (2). 5 (1 a 2) (p + A)q(z) 


q(z)  \B q(2) B 
Ee ee Ieee eet 
2)" = 2)toe (BR) P7143 (toe (284)) 


or 
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2 
y 2 1+ jz 
1+-— A) j14+4 (1 ; 
(149) on [ted (m9), 
Thus for 8,y € R such that = < 3 < 3, we notice that q(z) satisfies the condition (i) and (it) 


of Theorem 2.1. Therefore, we immediately arrive at the following result. 
Theorem 3.1. Let y and 2 be real numbers such that = < 3 < 3. If f € Ap satisfies 


(Santen) Eeetaina) ~[ts (2%) | 


B 


4 


then f € S,(p,A), where X > 0,n € No. 
Setting A = n = 0 in Theorem 3.1, we get the following result. 
Corollary 3.1. Let y and 8 be real numbers such that = < 3 < 3. If f € Ap satisfies 


C48) GORY feo (2) } 


then f € S$. 
Setting p = 1 in above corollary, we get: 


Corollary 3.2. Let y and @ be real numbers such that = < 3 < 3. If f€ A satisfies 
’ a ” B 2)7 
oe) 142 (2) < = log Eve 
f(z) f'(2) me 1- Vz 
ve ? 
l-Vz 


2 AVz 
2 1 nw2(1l—z 0g 
145 (08 ( #v2)) + ee, ( 
7 l 1 


TWEE 14 (ls (3%) J 
then f € Sp. 


Setting A = 0,n = 1 in Theorem 3.1, we obtain the following result. 
Corollary 3.3. Let y and 8 be real numbers such that 3 < 3 < 3. If f © Ap satisfies 


Ore) Or Sey} - 


{i+ Flo (4) } 
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B 
2 4yz_ (2) 
2 1 n2(l—z 0g 
Le (108 (2) Fae ate ve 


p+ (oe (28) J 7 


9 


then f © UCV,. 
Setting p = 1 in above corollary, we get: 
Corollary 3.4. Let y and 8 be real numbers such that = < 3 < 3. If fed satisfies 


(+B) (FREED) {145 (mFS) 


2 16 
2 1 nw2(1—z g 
1+ 3 (ios ( #v2)) a ( 
7 _ 1 1 


+ (los (i¥2)) J 
then f © UCV. 


1 
Remark 3.2. When we select the dominant q(z) = i aE in Theorem 2.1, a little 
—2 


calculation yields that 


1 FD (5-1) $B (3) 


ie zq"'(z) € 1) zq'(z) (1 3) X _itz | (3 1) 2z 
i '\B a@ "VB INS aa iB 1-2 
Y 1+2z 
+(1+3) (p+ A)— 
Clearly, q(z) satisfies condition (i) and (ii) of Theorem 2.1 for y = B = 1 ory = 0. For 


y = 8 =1, Theorem 2.1 yields: 
Theorem 3.2. If f € Ap satisfies 


fo(n+ 2, AIA) 1+2\*, 22 ik 
Tp, WEF) <( ) G4nG=ee 


then 


— A) fl) 1+z2 


z 


Baile). t2°°" 


where X > 0,n € No. 
Setting A = n = 0 in Theorem 3.2, we get the following result. 
Corollary 3.5. If f € Ap satisfies 


21 ( £0) (ey me oe 
fy fap Gee)" Gea*” 
then f € Sp. 


Setting p = 1 in above corollary, we get: 
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No. 


Corollary 3.6. If f € A satisfies 
Fo ( Fo) (2) 22 ek 
fey 7 Fe) ) “\ima) * ae? 
then f € S*. 


Setting A = 0,n = 1 in Theorem 3.2, we obtain the following result. 
Corollary 3.7. If f € Ap satisfies 


Gee" = :, 


2 
1 + Sef") | 27") Wie (=) Qpz 
f(z) f(z) 1-2 ( 
then f € Kp. 
Setting p = 1 in above corollary, we get the following condition for convexity. 
Corollary 3.8. If f € A satisfies 


Bot Ce). ere) La2\7 Qz 
rey te < (is) 


14 


then f EK. 
For y = 0, Theorem 2.1 reduces to: 
Theorem 3.3. If f € Ap satisfies 


I,(n+2,A)[fl(z) > 1+z2 , 2z cE 
[p(n+1,rA[f\zZ) 1-2 (p+ayd-#)’ 


then 


I,(n + 1, A)[f] (2) > l+z 
Tm, )f]@) 2’ 


z 


where \ >0,n € No. 
Setting A = n = 0 in Theorem 3.3, we get the following result. 
Corollary 3.9. If f € Ap satisfies 


14 27f) _, p+) 2 ay colt 
fl ~ t-2 | (-2) 
then f € Sp. 
Setting p = 1 in above corollary, we obtain the following result. 
Corollary 3.10. If f € A satisfies 


zf'(z) l+z 22 : 
t ~< + a4 ; 
PA) Mees 28) 
then f € S*. 
Setting A = 0,n = 1 in Theorem 3.3, we get: 
Corollary 3.11. If f € A, satisfies 
Qzf"(z) +27 f(z) p(1+z) 2z 


fiit+ef'@) ~ 1-2 'a-a*s™ 
then f € Kp. 
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Setting p = 1 in above corollary, we have the following result. 
Corollary 3.12. If f € A satisfies 


Qz2f"(z) + 27 f(z) 5 l+z 2z cE 
Faytef@) ~1—2*1—a**™ 


then f EK. 

Remark 3.3. When we select the dominant q(z) = e* in Theorem 2.1, a little calculation 
yields that 
zq'(2) 


Te ages 


14 HED) (3 1) 4 + (1 + 3) (p+A)q(z) =1+ a + (1 + 7) (p + Aje”. 


Thus for B,y € R such that 0 < 3 <1, we notice that q(z) satisfies the condition (i) and (ii) 
of Theorem 2.1. Therefore, we immediately arrive at the following result. 
Theorem 3.4. Let y and £ be real numbers such that 0 < 3 <1liIff ¢ Ap satisfies 


(arm) (Rernayna) «(et yaa) 7 


A 


ue I,(n+1,A0UI(2) 


T,(n, A)[f](2) 


<e’,zEE, 


where X > 0,n € No. 
Setting A = n = 0 in Theorem 3.4, we get the following result. 
Corollary 3.13. Let y and 8 be real numbers such that 0 < 3 <1. iff ¢ Ap satisfies 


8) GAB <ee)e 
then f ¢ S*. 


Setting p = 1 in above corollary, we obtain the following condition for starlikeness. 
Corollary 3.14. Let y and £ be real numbers such that 0 < 3 <1liffeA satisfies 


(2). (1 i 2a el (eh 42) 2 EE, 


then f € S*. 
Setting A = 0,n = 1 in Theorem 3.4, we get: 
Corollary 3.15. Let y and 8 be real numbers such that 0 < 3 <1. iff € Ap satisfies 


5+} 50+ ape} <r (43) eee 


then f € Kp. 
Setting p = 1 in above corollary, we get: 
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Corollary 3.16. Let y and 8 be real numbers such that 0 < 3 <lLiIffeA satisfies 


(FEY (AREY cone sat vet 


then f EK. 
Remark 3.4. When we select the dominant q(z) = 1+az;0 <a< 1 in Theorem 2.1, a 
little calculation yields that 


ecms Cg rowel Cal ee 
1+ st (BY) Sept (+p) rane 1+ (9-1) re 
(1 2) (p+ A)(1 + az). 


Thus for B,y € R such that y = 0, we notice that q(z) satisfies the condition (i) and (it) of 
Theorem 2.1. Therefore, we immediately get the following result. 
Theorem 3.5. If f € Ap satisfies 


In +2912) 4. oe a oer 
EGHID@ GRO 


Ip(n +1, HLA(2) 


T,(n, A)[f](2) 


<l+az,z€E, 


where \ > 0,n € No. 
Setting A =n = 0 in Theorem 3.5, we get the following result. 
Corollary 3.17. If f € A, satisfies 


then f € Sy. 
Setting p = 1 in above corollary, we obtain the following result. 
Corollary 3.18. If f € A satisfies 


id zf"(z) az 


{ ~l+az+ 


f(z) 


then f € S*. 
Setting A = 0,n = 1 in Theorem 3.5, we get: 
Corollary 3.19. If f € A, satisfies 
Qzf"(z) + 27 f(z) az 
| ie 
f(z) + 2f"(2) (1 + az) 


then f € Kp. 
Setting p = 1 in above corollary, we obtain the following result for convex functions. 
Corollary 3.20. If f € A satisfies 


Qz f(z) +27 f(z) az 
f(z) + 2f" (2) Sheet i+az’* 


then f EK. 
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81. Introduction 


Topological spaces are mathematical structures that allow the formal definitions of con- 
cepts such as connectedness, compactness, interior and closure. In 1974, Das [4] defined the 
concept of semi-connectedness in topology and investigated its properties. Compactness is one 
of the most important, useful and fundamental concepts in topology. In 1981, Dorsett [6] in- 
troduced and studied the concept of semi-compact spaces. In 1990, Ganster [7] defined and 
investigated semi-Lindelof spaces. Since then, Hanna and Dorsett [10], Ganster and Mohammad 
S. Sarsak [8] investigated the properties of semi-compact spaces. The notion of connectedness 
and compactness are useful and fundamental notions of not only general topology but also of 
other advanced branches of mathematics. 

Ganster and Steiner [9] introduced and studied the properties of gb-closed sets in topologi- 
cal spaces. Benchalli et al [2] introduced gb - compactness and gb - connectedness in topological 
spaces. Dontchev and Ganster [5] analyzed sg - compact space. Later, Shibani [14] introduced 
and analyzed rg - compactnes and rg - connectedness. Crossely et al [3] introduced semi - 
closure. Vadivel et al [15] studied rga - interior and rga - closure sets in topological spaces. 
The aim of this paper is to introduce the concept of pgb-connected and pgb-compactness in 
topological spaces. 
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§2. Preliminary Notes 


Definition 2.1. A subset A of a topological space (X,7T), is called pre open [11], if 
A C int(cl(A)). The complement of pre open set is said to be pre closed set . The family 
of all pre open sets (respectively pre closed sets) of (X,T) is denoted by PO(X,7T) [respectively 
PCL(X,7T)]. 

Definition 2.2. A subset A of a topological space (X,T), is called pre generalized b- 
closed set [12] (briefly pgb-closed set) if bcl(A) CU whenever ACU and U is pre open in X. 
The complement of pgb-closed set is called pgb-open. The family of all pgb-open [respectively 
pgb-closed] sets of (X,7) is denoted by pgb — O(X,T) [respectively pgb — CL(X,T)/J. 

Definition 2.3. A subset A of a topological space (X,7T) is called b-open set [1] if 
A C cl(int(A)) Uint(dl(A)). The complement of b-open set is b-closed sets. The family of all 
b-open sets (respectively b-closed sets) of (X,T) is denoted by bO(X,7) (respectively bCL(X,T)) 

Definition 2.4. The pgb-closure of a set A, denoted by pgb—Cl(A) [13] is the intersection 
of all pgb-closed sets containing A. 

Definition 2.5. The pgb-interior of a set A, denoted by pgb — int(A) [13] is the union 
of all pgb-open sets containing A. 


83. pgb-Connectedness 


In this section, we introduce pre generalized b - connected space and investigate some of 
their properties. 

Definition 3.1. A topological space X is said to be pgb-connected if X cannot be expressed 
as a disjoint of two non - empty pgb-open sets in X. A subset of X is pgb-connected if it is 
pgb-connected as a subspace. 

Example 3.2. Let X = {a,b,c} and let rT = {X,y, {a}}. It is pgb-connected. 

Theorem 3.3. For a topological space X, the following are equivalent. 

(i) X is pgb-connected. 
(it) X and — are the only subsets of X which are both pgb-open and pgb-closed. 
(itt) Each pgb-continuous map of X into a discrete space Y with at least two points is constant 


map. 


Proof. (i) = (ii) : Suppose X is pgb - connected. Let S be a proper subset which is both 
pgb - open and pgb - closed in X. Its complement X — S is also pgb - open and pgb - closed. 
X = SU(X —S), a disjoint union of two non empty pgb - open sets which is contradicts (i). 
Therefore S = y or X. 

(ii) > (i) : Suppose that X = AUB where A and B are disjoint non empty pgb - open subsets 
of X. Then A is both pgb - open and pgb - closed. By assumption A = y or X. Therefore X 
is pgb - connected. 

(ii) => (iii) : Let f : X > Y be a pgb - continuous map. X is covered by pgb - open and pgb 
- closed covering {f~'(y) : y © Y}. By assumption f~'(y) = y or X for each y € Y . If 
f-'(y) = ¢ for all y € (Y) , then f fails to be a map. Then there exists only one point y € Y 
such that f~!(y) 4 y and hence f~!(y) = X. This shows that f is a constant map. 
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(iii) = (ii) : Let S be both pgb - open and pgb - closed in X. Suppose S 4 vy. Let f: X — Y 
be a pgb - continuous function defined by f(S) = {y} and f(X — S) = {w} for some distinct 
points y and w in Y. By (iii) f is a constant function. Therefore S = X. 


Theorem 3.4. Every pgb - connected space is connected. 


Proof. Let X be pgb - connected. Suppose X is not connected. Then there exists a proper non 
empty subset B of X which is both open and closed in X. Since every closed set is pgb - closed, 
B is a proper non empty subset of X which is both pgb - open and pgb - closed in X. Using by 


Theorem 3.3, X is not pgb - connected. This proves the theorem. 


The converse of the above theorem need not be true as shown in the following example. 
Example 3.5. Let X = {a,b,c} and let rT = {X, y, {a}, {c}, {a,c}}. X is connected but 

not pgb - connected. Since {a}, {b,c} are disjoint pgb - open sets and X = {a} U {b,c}. 
Theorem 3.6. If f: X — Y is a pgb - continuous onto and X is pgb - connected, then 


Y is connected. 


Proof. Suppose that Y is not connected. Let Y = AU B where A and B are disjoint non - 
empty open set in Y. Since f is pgb - continuous and onto, X = f~!(A)U f~1(B) where f~+(A) 
and f~1(B) are disjoint non - empty pgb - open sets in X. This contradicts the fact that X is 


pgb - connected. Hence Y is connected. 


Theorem 3.7. If f:X — Y is apgb - irresolut and X is pgb - connected, then Y is pgb 


- connected. 


Proof. Suppose that Y is not pgb connected. Let Y = AU B where A and B are disjoint non 
- empty pgb open set in Y. Since f is pgb - irresolut and onto, X = f~1(A) U f~!(B) where 
f-*(A) and f~1(B) are disjoint non - empty pgb - open sets in X. This contradicts the fact 


that X is pgb - connected. Hence Y is pgb - connected. 


Definition 3.8. A topological space X is said to be Tygp - space if every pgb - closed set 
of X is closed subset of X. 

Definition 3.9. Suppose that X is Tyg) - space then X is connected if and only if it is 
pgb - connected. 


Proof. Suppose that X is connected. Then X cannot be expressed as disjoint union of two non 
- empty proper subsets of X. Suppose X is not a pgb - connected space. Let A and B be any 
two pgb - open subsets of X such that X = AUB, where ANB=yand AC X,BC X. Since 
X is Tpgp - space and A, B are pgb - open. A, B are open subsets of X, which contradicts that 
X is connected. Therefore X is pgb - connected. 


Conversely, every open set is pgb - open. Therefore every pgb - connected space is connected. 


Theorem 3.10. If the pgb - open sets C and D form a separation of X and if Y is pgb 
- connected subspace of X, then Y lies entirely within C or D. 
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Proof. Since C' and D are both pgb - open in X, the sets CN Y and DM Y are pgb - open in 
Y. These two sets are disjoint and their union is Y. If they were both non - empty, they would 
constitute a separation of Y. Therefore, one of them is empty. Hence Y must lie entirely C' or 
D. 


Theorem 3.11. Let A be a pgb - connected subspace of X. If AC BC pgb—cl(A) then 


B is also pgb - connected. 


Proof. Let A be pgb - connected and let A Cc B C pgb — cl(A). Suppose that B = C cupD is 
a separation of B by pgb - open sets. By using Theorem 3.10, A must lie entirely in C or D. 
Suppose that A C C, then pgb — cl(A) C pgb — cl(B). Since pgb — cl(C) and D are disjoint, 
B cannot intersect D. This contradicts the fact that C is non empty subset of B. So D=y 


which implies B is pgb - connected. 


Theorem 3.12. A contra pgb - continuous image of an pgb - connected space is connect- 
ed. 


Proof. Let f : X — Y is a contra pgb - continuous function from pgb - connected space X on 
to a space Y. Assume that Y is disconnected. Then Y = AUB, where A and B are non empty 
clopen sets in Y with ANB = yg. Since f is contra pgb - continous, we have f~'(A) and f~!(B) 
are non empty pgb - open sets in X with f~1(A)U f-!(B) = f- (AUB) = f-l(Y) = X and 
f-\(A)a f-l\(B) = f-l(AN B) = f-'(v) = ¢. This shows that X is not pgb - connected, 


which is a contradiction. This proves the theorem. 


§4. pgb - Compactness 


Definition 4.1. A collection {Ag :Q@E A} of pgb -open sets in a topological space X is 
called a pgb - open cover of a subset B of X if BCU {Ao [ae A} holds. 

Definition 4.2. A topological space X is pgb - compact if every pgb - open cover of X 
has a finite sub - cover. 

Definition 4.3. A subset B of a topological space X is said to be pgb - compact relative to 
X, if for every collection {Ag :ae A} of pgb - open subsets of X such that B CU {Ag :Qa@e A} 
there exists a finite subset Ag of A such that BCU {Aa :ae Ao}. 

Definition 4.4. A subset B of a topological space X is said to be pgb - compact if B is 
pgb - compact as a subspace of X. 

Theorem 4.5. Every pgb - closed subset of pgb - compact space is pgb - compact relative 
to X. 


Proof. Let A be pgb - closed subset of a pgb - compact space X. Then A® is pgb - open in X. 
Let M = {Ga ae A} be a cover of A by pgb - open sets in X. Then M* = MUA% isa 
pgb - open cover of X. Since X is pgb - compact, M™* is reducible to a finite sub cover of X, 
say X = Go, U Gog U Ga3 U...U Gam U AS, Gor € M. But A and A® are disjoint. Hence 
AC Gai U Gaz U Gag U...U Gam Gar € M, this implies that any pgb open cover M of A 
contains a finite sub - cover. Therefore A is gb - compact relative to X. That is, every pgb - 


closed subset of a pgb - compact space X is pgb - compact. 
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Definition 4.6. A function f : X > Y is said to be pgb - continuous if f~'(V) is pgb - 
closed in X for every closed set V of Y. 


Theorem 4.7. A pgb - continuous image of a pgb - compact space is compact. 


Proof. Let f : X — Y be a pgb - continuous map from a pgb - compact space X onto a 
topological space Y. Let {Ag [Qe A} be an open cover of Y. Then { f-1 (Aj) :4€ A} isa 
pgb - open cover of X. Since X is pgb - compact, it has a finite sub - cover say {f~'(A), f~1 : 
i € A(Ag),...,f7"(An)}. Since f is onto {A1,A2,...,An} is a cover of Y, which is finite. 
Therefore Y is compact. 


Definition 4.8. A function f : X > Y is said to be pgb - irresolute if f~'(V) is pgb - 
closed in X for every pgb - closed set V of Y. 

Theorem 4.9. If a map f : X — Y is pgb - irresolute and a subset B of X is pgb - 
compact relative to X, then the image f(B) is pgb - compact relative to Y. 


Proof. Let{ Aq : a € A} be any collection of pgb - open subsets of Y such that f(B) C U {Aa : 
a€A}c. Then BC U{f7'(Aa) : a € A}. Since by hypothesis B is pgb - compact relative 
to X, there exists a finite subset Ag € A such that B C U{f7!(Aa) : a € Ao}. Therefore we 
have f(B)U Cc {(Aa): a € Ao}, it shows that f(B) is pgb - compact relative to Y. 


Theorem 4.10. <A space X is pgb - compact if and only if each family of pgb - closed 


subsets of X with the finite intersection property has a non - empty intersection. 


Proof. Given a collection A of subsets of X, let C = {X — A: A € A} be the collection of their 
complements. Then the following statements hold. 

(a) A is a collection of pgb - open sets if and only if C is a collection of pgb - closed sets. 

(b) The collection A covers X if and only if the intersection (),¢¢ C of all the elements of C' is 
empty. 

(c) The finite sub collection {A1, A2,... An} of A covers X if and only if the intersection of the 
corresponding elements C; = X — A; of C is empty.The statement (a) is trivial, while the (b) 
and (c) follow from De Morgan’s law. 

X — (Uses 4a) = Mae s(X — Aa). The proof of the theorem now proceeds in two steps, 
taking contra positive of the theorem and then the complement. 

The statement X is pgb - compact is equivalent to : Given any collection A of pgb - open 
subsets of X, if A covers X, then some finite sub collection of A covers X. This statement is 
equivalent to its contra positive, which is the following. 

Given any collection A of pgb - open sets, if no finite sub - collection of A of covers X, then 
A does not cover X. Let C be as earlier, the collection equivalent to the following: 

Given any collection C' of pgb - closed sets, if every finite intersection of elements of C is 
not - empty, then the intersection of all the elements of C' is non - empty. This is just the 


condition of our theorem. 


Definition 4.11. A space X is said to be pgb - Lindelof space if every cover of X by pgb 


- open sets contains a countable sub cover. 
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Theorem 4.12. Let f : X — Y be a pgb - continuous surjection and X_ be 
pgb - Lindelof, then Y is Lindelof Space. 


Proof. Let f : X — Y be a pgb - continuous surjection and X be pgb - Lindelof. Let {V.} 
be an open cover for Y. Then {f~!(V,)} is a cover of X by pgb - open sets. Since X is pgb 
- Lindelof, {f~1(V.)} contains a countable sub cover, namely {f~!(Van)}. Then {Van} is a 
countable subcover for Y. Thus Y is Lindelof space. 


Theorem 4.13. Let f:X — Y be a pgb - irresolute surjection and X be pgb - Lindelof, 
then Y is pgb - Lindelof Space. 


Proof. Let f : X —+ Y bea pgb - irresolute surjection and X be pgb - Lindelof. Let {V.} be an 
open cover for Y. Then { f~!(V.)} is a cover of X by pgb - open sets. Since X is pgb - Lindelof, 
{f—*(V,)} contains a countable sub cover, namely {f~'(Van)}. Then {Van} is a countable 
subcover for Y. Thus Y is pgb - Lindelof space. 


Theorem 4.14. If f:X — Y is a pgb - open function and Y is pgb -Lindelof space, 
then X is Lindelof space. 


Proof. Let {Vy} be an open cover for X. Then {f(V.)} is a cover of Y by 
pgb - open sets. Since Y is pgb Lindelof, {f(V.)} contains a countable sub cover, namely 
{f(Von)}. Then {Van} is a countable sub cover for X. Thus X is Lindelof space. 
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Abstract In this paper, we state integral representation of the partial sum Ly (#,a) = 


>> (n+a)" of the Hurwitz Zeta function ¢(—u,a) and proof. Use the partial sum formula 
O<u<a 
of integral representation to get three results, improve and generalize results of Srivastava 


and Choi on the asymptotic formula for the sum of the v—th derivative of ~: Sp (k). 
k<a 


Second give an asymptotic expansion for ¢’” (—m,a). Third give the formula of double gamma 
function of Barnes. 

Keywords Partial Summation, Integaral Repesentation, Hurwitz Zeta-function, 
logarithmic derivative. 
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§1.Introduction and Proposition 


In paper [1], many authors give many integral formulas of some Series by Zeta Partial 
Summation ion, In paper [2], Professor S.Kanemitsu exhibit the importance and usefulness of 


the Partial Summation formula by applying it to the sum. 
Ly(a,a)= > (n+a)" 
O<u<a 


In a Similar setting which appeared in the pursuit of the divisor problem [2] . In pa- 


per [3], professor Li give the formula # L,,(x,a) and many beautiful formulas. In book [6] 
da? 


we gave the formula $75, (a,a). In this paper, we state integral representation of the par- 
tial sum Ly, (z,a) = > (n+a)“of the Hurwitz Zeta function ¢(—u,a), by use L, (#,a) = 
O<u<a 
S> (n+a)", we give three importent results. 
O<u<a 


We use the following notation. 
Notation s = 0 + it — the complex variable. 
['(s)= es e ‘t’~'dt -the gamma function (o > 0), 
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p(s) = v (s) = (logT (s))'— the digamma function, 
Both of which are meromorphically continued to the whole complex plane with simple poles 


at non-positive integers; 


¢(s,a) = - Gar Hurwitz Zeta function, o > 1, a > 0 the power taking the principal 
value. oe: 

¢ (s) = ¢(s,1) -the Riemann Zeta function, both of which are continued meromorphically 
over the complex plane with a simple pole at s=1. 

Bo (a) the generalized Bernoulli polynomial of degree r in x, defined through the gener- 
ating function 


a +00 
(=) er =) 1 Be) (a)z"  (|z| < 27) satisfying the addition formula 
r=0 


+00 


; 
Be aty= D7 | Be) By, (y) (1) 
r=0 


({3], Formula (24),p.61) with the properties BS = BY (0) , BY (x) = B, (x), BY = B,, 
where B, (x) and B, = B, (0) are the r— th Bernoulli polynomial and the r— th Bernonlli 
number defined by (1) with a = 1. 

B, (x) = B, ({x}) the r—th periodic Bernonulli polynomial. 


Propsitionl. Let L,,(z,a)= >> (n+a)". 
O<u<a 
Then, for any / € N with 1 > Reu+1,Rea > 0 we have 


eee ul 
A ear By (t)(t +a) dt (2) 
1 utl | 
fae tare cma), wz 
log (x + a) — (a), u=-—l 


+2utl (3) 


hods true as « — +o0. On the other hand, formula (2) with x = 0 yields the integral 
representation 


Vol. 13 On Partial Sum of the Hurwitz Zeta-function and its Application 21 


l 2 
¢(—u a) = qu 1 qutl =) oe Bat! 
: util r i 
r=1 
41 [ ¥ Seen u-1 
+(-1) : Bi (t)(t +a)" dt (4) 
0 


Which is true for all uw 4 1,and / can be any natural number satisfying 1 > Reu+ 1; the 


integral being absolutely convergent in the region Reu < / — 1, where it is analytic except at 
u=-l. 


Corollary 1. For any / € N with 1 < Reu+1, a> 0 we have 


Dp u—r+l I (u+ 1) 
r! HEED) ene 


Tv 2f' (u,r) loga+ 3f (u,r) re (ur) +f" (u,7)} 


_1)! U +OOo 4 : 
( 7 wo ar : Bi (t) (a +a)" {UF (u,l) + log (a + a)]? +. 3f (u,2) f" (u, 2) 


+ f' (u,l) log (x +a) + f” (u,l)} dt 


{Lf (uy) + log (x + a) 


G@Payet™.i Seay. coats 6(2 +.a)"t* 
rane] log” (x + a) wat? log* (« +a) 4 ee log (a + a) 
+ 6(@ +a)"*" ml 
¢" (—u,a) ufl 
(u+1)* 
qlos! (w+ a) +5 (a) ual 


(2)flar)=butl)—Y(u+2—-r) flu) =vo(utl—puti—J), 


ee a i B, (t) 
a) = —log’a log“a 
73 (a) 5,108 qlee 5 eae 


5 (log? (t +a) — 3log* (t+ a)) dt 


For proof of propsitionl and corollaryl, we give some lemmas 


Lemma 1"), Suppose that f is of the Class C’ in the closed interval [a,b] (a < b).then 


? SN). ee ate Se 
YS t= f roar Fort o-B@r @) 


T. 
axnxb 


I+1 
= if Bit) fat (6) 
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Lemma 2)5!, For any complex u and a > 0 


hu (2, a) = S- (n+ a)" log? ihe) 
O<n<ga 
i 
z 2 r coon B, (a) («+a)*"*" 


{fb (w+ 1) -b(u+2—0 + log (e+ a))? 
+ y(ut1)—y' (u+2—-)} 


ai) UW +00 
me ( 1 met | Bi (t) (tay 


{fb (w+ 1) —b(w+1-2 + log (e+ a))? 


at utl utl 
( = log? (a + a) er log? (x + a) 
xv a oe 
’ ae 6" (—u, a) uxt ) 
slog’ (+a) +72 (a) u=-l 


Now we prove the propsition1 
Since the r—th derivative of f (t) = (t +a)" is 


u T(u+1) 


FH= ‘ (r—1)'e+a)"" = Tie ia” +a)" " (8) 
We derive from (6) that 
ef ey fe . =~ T(u+1) (-1)’ rae 
Ly (x,a) = (—1)'* ae Bi (t) (t +a)" ‘dt Scere er B, (x) a+ 


T(u+1) a 


Bi (t) (t +a)“ ‘dt 


a (u+2—r) r! “Uo T(u+1-0 J, 
1 1 
(erat at. wAl 
tav+2utl u+l (9) 
log (a + a) — loga, uw=-1 


For any natural number | > #(u) + 1. 

Now we note that the last integral is in (9) clearly O Ge) by the mean value theorem 
for partial integration. Thus, taking the limit as x — +co the case when #(u) < —l, we 
conclude that the constant term on the right-hand side of (9) must coincide with the left-hand 


side. 
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That is, (4) follows. 


Then, by analytic continuation; (4) can be show n to hold true for all wu € C\ {—1}. 
At the same time, this gives a generic definition of ¢ (—u, a); 


N l r 
¢ (—u, a) = lim (>. (n St a)" 7 at 7 La ‘hati S- . T( (u + 1) _ (N oe) (10) 


a=0 r=1 


Where !| € N satisfies 1] > R(u) +1 


On the other hand, for u = —1. Formula (9) implies that the constant term is 


jl i B, aot l-i 
loga + 5 aS,: rf Bie (t+ a)" ‘dt 


Which must be equal to 


N 
slim (>. (n +a) ' —log(N + ») 


n=0 
Which we denote by y(a) = yo(a). 


o] 


Upon replacing the constant term by ¢(—u,a) in ( 9) gives (2), which then entails (3) 


on replacing the integral by the above estimate O (peu mF 
Propsition1. 

Now we give the proof Corollary 1. 

From lemma?2 (7) 

When u 4 —1. Let 


This completes the proof of 


+OO i 
i Bi(t)(t+a)""' {fb (ut 1) — v(u+2—1) + log (04 


utl 


_ (+a) _ ye 2(@+a)"* 2 eta oy 
Ms(u) = — 7 Clos (# + 4) } al? {log (x + a)}" 4 +0) +O =ua) 
So 25 Lu(x,a) = Mi(u) + Mo(u) + M3(u). 
We give derivation 
3 
qa (x,a) = Mj(u) + M3(u) + M3(u) 
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When u 4 —1. 
d T(ut+1) — Tutt | - 
5 (RS) oe et vb(u+2—r)} 
d T(ut+1) T(utl) | 
a (Peon) - rey ee w(ut1—)} 
Let f (u,r) =v (ut1)—v(ut+2-71),f (ul) =v (u+1)-—v(ut1-1) 
l Mig 
Miu) => OB aye pays saa 


l r 
= » — B, (x) (z+ a ee i (u,r) + log (a + a} +2f" (u,7r) log a 


+3f(u,r)f'(u,r) +f" (u,r)}- 
(aN Pte) 
TP Giek be) 


+00 
[Bera {rad + loge +a)? +37 (ud) F (ul) +f" (ul) log (e+ a) +f" (u)} at 


r+ airs 3(a + ay, 6(a + ae 


/ ( 2 
M'3(u) = saris pees (x +a) — (a+ 1 log” (a + a) + (ats log (a + a) 
utl 
ss (ua) 


We now complete the proof Corollary 1. 


§2. Application of Proposition 1 


In [3 p.13-24], many professors gave special values of 7(z) and the polygammma 7)” (z), 


the formula (66) of [3 p.24] gave $> w’(z), in this paper, by proposition 1, we give > w))(k). 
k=1 k<ax 


Theorem1. For n €N, v, x € R, we have 


ao —¢(v) + ‘ (Fite + 5) x’, v#0,1 
ye wv”) (k) = (-1)’u! ¢ xlogx — x — ¢(0) — (Bite + 5) logr, v=0 


k<a 


— 1 
logx-—y—-14 (Bite) +5) gt,uv=-l 


l ae gar 
4 G12 +r— 2)! S- aay ( : ) B) ({a} + Deer Li OG ah, (11) 


Where we recall from notion, the definition of Be) (x): 


BO) (a2 +1) = 2 @ By—x (1) Br 


k=0 
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For prove theorem 1, we give lemma3. 


Lamma 3"1. we have 


= —_ £ r+i1 _ = 
(Bue) + 5) B,(x2) = d (sb aie ( x Br—p4iBr(x) + Brai(z) (12) 
0 


Now we prove theorem1. 
In formula (54 ) of [3 p.22] 


3 


(v) _ ab (2) = (—1)*yt SD __ 
wy? (2 +m) — pr? (z) = (-1) oe (@+k—-1" (13) 
whence that 
k-1 
Soy (k) = (-1)"l SS at ap (1). (14) 
k<a n=1 


summing (14) over k < x, we obtain 


k 
Soy (k) = (ot (>: — on) +4°(lel 


k<au k<a \n=1 
v 1 u 
= (-1) v! » nett > 1- D524 (x) +0 (1) [2] 
VK“ nik<a 


After changing the order of summation. Since. S> 1 = [a] n+ 1.,we see that the firist 
nik<cu 
term reduces to (—1)”v! ([a]L_y-1 (x) — L_, (x)), Taking into account that [3 p.22] 


We can get 


v+1)\{a2], v4#0 
>> bo (&) = (-1)"u! (jetta) t-te) = {6 See (15) 


k<au 


Use [a] = x — (B(x) + 3), we apply (8) to obtain 


i Pr f—v-1\_ 
+ @) = Carty ( ‘VBaer 


k<au r=1 ioe 
I r 
ee aaa ee ae 
aay (en gue B, (a)x2-?-" 
yt Be) 
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1 
gi 4+¢(1+v)e¢4 grt aie 0. TL 
—v vu—1 
+ (-1)*o! x (logx + y)-2x—C€(0), v=0 


a(-a7'+¢(2)-logr—y), v=1 


) 
(Buc) 5) ( ~+6(1 : 0), v #0 
) 


Where the first and the second terms combine to yield 


q r 
—(-1)’u! S> = ( ). (COP 


While the third term may be written as 


Oe ae ae ee to a 
“rE (25) ued) mawens 


Hence we transform (16) into 


—u-—1 


r—2 


y= wb) (k) = (-1)°*4u! ¢ —@ loge +7 + C(0) + (Bute) + 5) logz, v = 0 


k<a 
7am 1 
+logzr+y+1-— (Bite) + es v=1 


ey en ae oe afl mts 
vareg (7) (ma (Bet 


1 
Gees v#0,1 


v— 


<a $6 +e) a+ 
lly ot x (logz +y) -—x—¢(0), v=0 
(-a~'+¢(2) —logx-—y), v=1 


re ~+¢(1 | 0”), we 


(Bute) " 5) (logz +7), v=0 


+ (=1)?t ou! 
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= 1 
Cl +v)e+ (Biz) +=), 040 


= 1 
ya + (Bux) + 5) y,U= 


+0 (a9 an) 


Applying Lemma 3, we may transform the penultimate term further. Since the third factor 


of x~¥-Tt! is 


r Tr 
By (1) BS? (w@+y)= > (") Be (x) Br_,(y), equal to — 455 B? ({a} + 1), 
k=0 


we conclude that the penultimate term in (17) is 


—1)\" f-v-1 
(yr (. ie je ({2} +1) 2-7-4 


Substiting this in (3 #) completes the proof. 


§3. Application of Corollary 1 


In [2}.[6].[7]and [8] gave many fomulas related hurwitz zeta function and ¢’ (—m, a),¢” (—m, a), 
we use this formulas give ¢’” (—m, a). 


Theorem 2. For me NU {0}, Rea > 0 andm+2<leN. We have 


c™ (=m, a) 
mt+1 


m+1 
37.3 a 3 3a 
a” log Sar og’ a 


nap @ee (m 


r-1 


r—1 r-1 


— 1 log a 
ae ee ee ee 2 


aris (m+k—r+1) 


-1 


3 


33> ; 


Raikes i (mtke-r+)(m+h—r 41) 


(m+k—l) 


In for proof of theorem 2 we give lemma 4. 


+00 l 
! ca 1 
m-1 
i! (m—D!° [ Pp ale 
z loga+ dt 
é = aR) 


k 
ret | (m+k—r+1) 


l 


l 
1 
—3 
» -1)(m+k 


f= tke= (mth -r4 


pel 
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No. 1 


Lemma4. For m € NU {0}, Rea > 0 andm+2<l¢N. We have 


1 1 1 1 
¢' (=m, a) = = "dee log a am Tale 50” loga + Tee log a 
r+1 r—2 
By, ‘ m 1 m 
pal ss Cay es loga | a™-"*1 
raa ' \5=0 ae Sere ae) i 
U r—1 
1 r—-m—2 1 
a a A Ss B, (-1) : qrarti 
m+ 1 r=m+2 j=0 J Peed 
+ eee I-m-1 1 
+( aa | So (-1) Bilt) (t+a)"—" | at 
0 ee 
j=0 J 


Now we give proof of theorem 2. 


From [3] 


2%) (y+.m) —b™ (z) = (-I) v! : 
9 etm) 9 (2) = (OY ae 
So 
r-1 1 
ae ee a reser es 
r-1 1 
Ee eel) et AU Dey 
r-1 
; _ 1 
pen)  (utk—-r+1) 
rod 1 
f' (uD) = 
(u, 1) DG PhoD: 
r-1 1 red 1 
"au r) =2 "(u,l) =2 
Pur) 7a ag err on 2s aka 


(19) 


(20) 
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Let x =0, B, (2) = B,,u#—-1 


S- (n + a)" log (a + a) = a“log?a 


O<n<a 
a ah) ae 1 gee log a 
SS 2 ed (yk viogs |, aye 
a es T(wu+2-r) roms eee  (utk—-rtl) 


r—1 r-1 1 a | 1 
a8 
pe ry ers ere ee Lara] 


(-1)' P+) 4 ft®s 1 a 1 
Sg PGi ee (>t +e) pos (ut ke —D (uth —1)? 


k=1 ky=1 ko= 1 
1 l 
log a al 
d 
Saws, Yota} 
qutt qttt 6 utl 6autt 
log?a zlog*a 4 3x log 7 Gre u, @) 
cae (u+ 1) (u+ 1) (u+ 1) 
When u > m 
Pt Ty m! Pte). 
T(u+2—-r) (m4+1-7r) Tiut1-l) (m-J 
Then 
Ce (—m a) 
m+1 m+1 m+1 m+1 
= —a°log?a4 log?a a slog? 3 loga be Zi 
1 (m+1) (m+ 1) ie 


r r—1 r-1 
f= tt) m! ptt 1 log a 
B, pe hs —___—_—_  ] 2 
oa ier Byers ea », Ce ere 


k= 
1 — 1 
—3 5+}. 5} 
ky=1 ko 1 (m+ke—rt+1)(m+ky—r +1) ko 4 (m+k—r+1)° 
Cy i Se eos 
ft an u(t +loga] — 
i! (m—D! 0 ae l oe a (m+ke—r+1)(m+k, r+1) 
l 1 1 
dt 
far (ek ba De m+k-—l) ) 


We now complete the proof of theorem 2. 

In [3, p.94-96] some proofers gave some formulas of double Gamma function, in this term 
we give noe formula theorem 3. 

Theorem3. With ['2(a)(= G(a)~+) denoting the double gamma (or the G—) function of 


Barnes, we have for a,b > 0 


i t+a To( ; 
| By, (t) log wi pat = — log T() (1 — a) log I'(a) + (6 — 1) log T'(b) 


2 _ 72 Tcg vagy 1 = 
(a? log a — b? log b) 1 (4 b*) 5 (aloga blog b) 


+ 
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Proof of theorem: in [9 (1.3)] for Reu < 0, u # —1, we have 


1 1 
’(—u,a) = ——a"*1 loga qrert a" log a 
C'( ) aed g marly? g 
-| (1 + wlog(t + a))B;, (t)(t +. a)“ ‘dt (21) 
0 


By Abels continuity theorem for infinite integrals, take the limit as u — 1 of the difference 
¢'(—u, a) — ¢’(—u, b), we can get 


é'(—1,a) —¢'( 1,b) = 5 (a?loga — b?logb) ~ 5 (a? — 8?) 


t+a 
t+b 


1 oe * 
5 (alog a — blog b) — | By (t) log dt (22) 
0 


formula (33) Of [10 p.94] 


Tala) = A(C(@)}'* exp |- 5 + 61,4] (a> 0) 


A is indicates the Glaisher-Kinkelin constant [3 p94] formula [38] 
Form (3.2)we get 


ect 5 =T(a) log A + (a — 1) log (a) 
So 
¢'(-1, a) — ¢’(—1,b) = log ah + (a — 1) logI'(a) — (b— 1) logI'(b) (23) 


From (22) and (23), we can get Theorem 3. 
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Abstract The present paper deals with the space x of Dirichlet series in two variables s1, s2 


analytic in the half plane. It is shown that . becomes a Frechet space. We have characterized 


the form of continuous linear functionals and continuous linear operator. Further conditions 


§1. 


be a Dirichlet series of two complex variables s; and sg where @,,,,’s € C and sequence of 


have been proved in which a base becomes a proper base for x. 
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Introduction and preliminaries 


Let 
f(s1, 82) = D> Ginn Om tHn 82) (s; =o; +it;, j = 1,2) 


mn=l1 


exponents Arm's, [n’s € R satisfy 


0< Ay < Ag <<... <Am A WO ASM — CO 


and O< pi < fa<...< pn OO asn—- oo. 


along with 
l 
eeape en ae 
m,n—-oo Am + Ln 
and 
: logt lam,n| + AmA1 + bn Ag 
lim sup = 0 


where A; > 0, Ay > 0 denote maximal abscissa of convergence. Here we take log* « = 0 if 


x < land logt « = log if 2 > 1. The series (1) converges in the domain 


d= {(o1 + ity , 72 + ite) EC? : a, < Aj,02 < Ao, —0o < t1, to < co}. 
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If D, and Dz are two positive numbers such that 


tee > —D, asm -— oo. (4) 
and 
wet > —Dygasn>o. (5) 
Then take D = min(Dy, D2) 
lim sup elem =—D (6) 


Suppose the series given by (1) converges absolutely in the left half plane 01,02 < D then the 

series is called Dirichlet series analytic in half plane. Observe that yp includes all functions f 

represented by (1) satisfying (2), (3), and (6). In the given paper we will write y instead of yp. 
If 


f (s1, 82) a Omner msi +Hns2) 


mn=1 


and = g(s1, 82) a5, bmn eo m$1t+Hn $2) 


mn=1 


then the binary operations in y are defined as follows 


f(si, $2) + g(s1, $2) — S- (Qm.n 4 Brees) e(AmsitHns2) 
mn=1 
Ef (si $2) = > (€.dm,n) e(Amsi tins) 
m,n=1 


It is also clear that y defines a linear space over C. 
The norm in x is defined as 
[oe) 


Ifll = S> |amn| 6A +24) for every o1,02 < D. (7) 


m,n=1 


Let x be the topology generated by the family of norms {\|f|] ; 01,02 < D}. Then from [1] 
x is complete, metrizable and locally convex and this topology is equivalent to the topology 


generated by invariant metric e, where 


Co 


ax 1 |lf-—g;o1.n, o2,4]l 
nS » 2 1+||f -— 95 01,6, 72,4ll (8) 


where 


0<0j1 < O52 <...< oj 7 7D; ask oo, j = 1,2. 


It can be easily verified that the topology induced by e on y is the same as induced by the 
sequence {||...,0;,4||,9 =1,2; & =1,2...}. 
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Daoud in his papers [1] worked on entire Dirichlet series of two variables having finite order 
point. Kamthan in [3] considered different classes of entire functions represented by Dirichlet 
series in several variables and proved results on continuous linear functionals. 

In [2] bornological properties for the space of entire Dirichlet series in several complex 
variables have been discussed. So far many researchers have worked on Dirichlet series which 
can be seen in [4] - [5]. The aim of the present work is to project various new aspects for the 


Dirichlet series in two variables. 


§2. Definitions 


Following definitions are required to prove the main results. For the definitions of terms 
used refer [6] - [7]. 


A sequence {dm} C X will be linearly independent if S- Afmn}4{m,n} = 0 implies 
m,n=1 
Agmn} = 0 for all m,n > 1, that is for all sequences {am,,} of complex numbers for which 


> A{m,n}4{m,n} Converges in x. 
mn=1 


The sequence {dm n} C x spans a subspace Xo of x, if yo consists of all linear combinations 
Co Co 


se A{mn}4{m,n}, Such that S- A{mn}4{m,n} converges in x. 
m,n=1 m,n=1 
A sequence {dm} C x which is linearly independent and spans a closed subspace xo of x, will 


be a base in xo. If {em n} C x such that emn(s) = e(71Am + 72m) then clearly {€m,n} is a base 
in x. 


A sequence {dm jn} C x will be a proper base if it is a base and it satisfies the condition 
co 


that for all sequences {@m,n} of complex numbers S- Qmndmmn converges in x if and only if 


m,n=1 
co 


) Am,n€m,n converges in x. 
m,n=1 


§3. Main Results 


Theorem 2.1. With respect to the usual addition and multiplication defined x becomes 


a FK-space. 


Proof. In order to prove this theorem we need to show that x is complete under the norm 
defined in (7). Let {f,} be any cauchy sequence in . where 


ioe) 
fo(S1, $2) = S> Ge) kane iaes) 
m,n=1 


Then for a given € > 0 we can find a constant M such that 
Ifo — fall<¢ V pg2M 
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that is 
[oe) 
Se ee a earn ee peg eM 
mn=1 


This shows that {a} forms a cauchy sequence for all values of m,n > 1. Hence 


lim aif, = Amin ¥ m,n > 1. 
Letting g — 00, 
co 
So Ja), — Am,n| e(71Am + F724) <eV p > M. 
mn=l1 


Thus f, + f as p— ov. 
[oe) 
Now we need to show that f = ye Omnemn © X: 


m,n=1 


We can choose o; such that D < o; + €,7 = 1,2. Keeping p fixed we have 
Ja), < ef PHOAmtn) Y p> My. 


Then 


lam,n| < |a‘),, > Qm,n| + Ja(), | 


ae lar ni < Ee (T1Am + 924) 4 e(—Pte)Am+in), 
Hence for all m,n > Mz = max(M, M;) we have 


log |am | wn. 


lim sup D. 


co 
Thus f = S- Qm.nemn € X and this completes the proof. 


mn=1 


Theorem 2.2. (i) A continuous linear functional w on y(01, 02) ts of the form 
co 


vo) a > dn Amn 5 f _ SS am,n Em,n af and only tl aes} 


e(71Am + o2Hn) 
mn=1 mn=1 
is bounded for allm,n > 1. 
(it) A continuous linear functional w on x(01,02) ts of the form 


Co [oe ‘ din 
w(f) = S- dmn@mn, f= S- Omnemn if and only awe} 


mn=1 mn=1 
is bounded for some 01,02 < D. 


Proof. Let 7 be continuous linear functional on x(¢,,5,)- Then w(f) = S- dis Cine. fo = 


mn=l1 


Co 
ye Amn Em.n Where dm n = W(€m,n)- Hence there exists a constant S such that 


mn=1 


W(P)] S Silfll(or.02) for all f € x. 
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Take f = €mn = e'74m +724") © y, this implies that 


[denn S S el7irm + 72Hn) for m, 1 > tL 


Conversely, let f be defined as before and consider W(f) = S- dmn Amn, Where 
mn=1 
[dinnl bie te 
Cowen aon Gs bounded and hence w(f) does exist. Since 
e(71Am + F2bn 
| S- Qmn dm n| < S- lamn dmn| 
m,n=1 mn=l1 
<5 aunlen term 
mn=l1 
<= +00. 


Thus w is a continuous linear functional on x(¢,,¢,)- This proves the first part of theorem and 


the proof of second part follows from the part (i). 


Theorem 2.3. A necessary and sufficient condition that there exists a continuous linear 


transformation :x > x with W(emn) = Amn, m,n = 1,2,... is that for each 01,02 < D 


1 m,n 01,0: 
timp OE @rnll 


< D. 
m,n — oo Am + Ln 


Proof. Let there exist a continuous linear transformation ~ from y into x with 
W(em,n) =Amn, M,N = he Deve 


Then for a given o; there exists a 0, such that (01,0, < D) and 04 corresponding to o2 such 
that (02,05 < D) 


I|o(€m,n) Il (o1,02) < Pllem.nll(o’ 04) SP etre t cated 
This implies 


log ||b(€m,n) II (o1,02) < log P (71m a5 O2[n) 
< + 
Am + Ln Am + bn Am + Ln 


log |la 
lim sup 108 [lo nll es,02) msnll(o1,02) <o, <D 
m,n — oo Am + Un 


or 


lo Amn 01,0 
ton sup OE l@rnall os. 


<o2 < D. 
m,n —> co Am + Ln Sick 


Conversely let the given condition hold. 


[o.e) 
Let f = S- Qm.nem.n € X. Then there exists a ¢€ > 0 such that 


mn=1 


lo m,n\| (01,0 
ai lin. 2) < D-—e forall m > Mi(6),n > Ni(e) 
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[keivearal lige eae e(P-)Am +Hn) for all m > My(e),n > Niy(e). 


Choose 6 > 0 such that 6 < ¢, then 
|amnl(orjo2) < eb PtIAm + Hn) for all m > Mo(5),n > No(6). 
Hence one gets 


|ainn|||Omnll(o1,02) < e€@-9A™ +) for all m > max{My(c), M2(6)} ,n > max{Ni (ec), No(5)}. 


co 
Thus S- lam nlllomnll(o, o2) 18 convergent as 01, 02 is arbitarily less than D. 


m,n=1 
lee) 


We find that S- Qmn Amn is convergent in x. Hence there exist a transformation w : 


m,n=1 


x > x such that w(f) = > GmnOmmn for each f € xy. Then yw is linear and ~(emn) = 
mn=1 
Qm,n for m,n = 1,2,... Now for given 01,02 < D there exists 6 > 0 such that 


log |Om,nll(o1,02) 


< D-6 forallm >M,n>N. 


This implies 
|eenen|feonee sees e(P-9) Am +#n) for allm > M,n>N 


Further we have 


|&m,nll(o1,02) < e(D—-8)(Am + Hn) for all m,n = 1. 


Hence 


WAM S PSO Gran eP-MOm +4) = Pl flips. 


mn=l1 


Thus w is continuous. 


§4. Proper Bases and their Characterizations 


To prove the main result on proper bases we first need to prove two lemmas. 


Lemma 2.4. Let {Amn} C x. Then the following three properties are equivalent 
log |Om,nl| (1,02) 


A) lim sup < D for alloy,o2 < D. 
( p eaeee Am + Ln , 
[oe) 
(B) For all sequences {am} of complex numbers the convergence of S- m,n €mn implies 
mn=l1 
CO 
the convergence of ‘ Amn Amn MX. 
mn=1 
Co 
(C) For all sequences {am} of complex numbers the convergence of S- Qm,n €mn implies 
mn=l1 


that {@mn Amn} tends to zero in x. 
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Proof. Let us assume (A) holds then from the above proof it is clear that there exists a contin- 
uous linear transformation a : x > x with (em.n) = Amn, m,n = 1,2,....By continuity of 


vy, 


w( + Amn €m,n) = yp (i a x Aw, ,we tit] 


m,n=1 wi=1 we=1 


= wl | 3 3 conten) 


Hence (A) => (B). Clearly (B) => (C) from the proof of sufficiency part of theorem ??. We 
now need to prove (C) = (A). 
Assume that (C) is true and (A) is false. Then for some o,, 0) < D, 


log lOm,nll(ot ot) 


=p 


lim su 


Hence there exists a sequence {m,, } and {nx} of positive integers, such that 


log |lam,, sng Il ao. 1 1 
lim sup pee asta) Si) for all ky , ko = 1,2,... 
ki,k2— 00 Amn, t+hng, ky Lp) 


Define {Gm n} as 


oe (P-(a +) ) Oma, +20) for key, kp = 1,2)... 
Amn = 


Otor Te S ke s eA TK, 
So we have 


lQm, Nk jeb7>mey + 72H.) = eo (P- (A + +21) ) rma, o- (P-(GA t +22) Jong 
cy ko 


1 1 1 1 
There exists ky , kg large such that D— (= +—+ a) > 0 and D— (= + i + 2) > 0. 
2 


ky ko ky 
co 
This implies 1s |Qmx, sky jem craig converges in x for all 01, a2 < D. But 
ky ,kg=1 


lOrnn, sky [lOmn, wre, Il(o1,02) 2 


Thus {@m,, ngs %me,.nz,} does not tend to zero in x which is a contradiction. Hence (C) = 
(A). 


Lemma 2.4. The following three conditions are equivalent for any sequence 


{Amn} C x. 
(a) lim {imin 8 llamnllior, 2 > D. 
01,02 +>D | m,n co m + Un 
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Co 


(b) For all sequences {Amn} of complez numbers the convergence of S- G@m,n Amn inx implies 
mn=1 
foe) 
the convergence of S- Qm.nem,n in X. 
mn=1 


(c) For all sequences {am} of complezr numbers {amn&mn} tends to zero in x implies the 
Co 
convergence of S- Qm.nem,n iM X. 
mn=1 


Proof. It is clear that (c) = (b). We shall prove that (b) > (a) and (a) => (c). 
Firstly we suppose that (b) holds and (a) does not hold. Therefore 


l M,NI1(01,0: 
lim {ining A Rotine | < D. 


01,02 ~D m,n co rE Ln 


Since |]...||(¢,,02) increases as (01,02) increases this implies for each (01,02) < D, 


1 m,n 01,0 
faming 128 @minlios.oa) 


m,n— co Am + Ln 


< D for all (01,02) < D. 


If 7 and y be two positive number then there exists an increasing sequence {m,, }, {n,,} such 


that 
log l|Om.., rg Il (o1,02) 


Am + Ln 


< D-n-yY7 


Then 
[Petersen Ih eeaceey < elP—2-MOAmry + Hrrg). 


Let 6; < 7, 62 < ¥ then define {a,,,,} as 


—(D— 61 — $2)(Amp, + Minny 


e€ ) for ri, ro = 1,2,... 


0 form 4 mp, ,n # Npy 


Then for every (01,02) < D, 


Co Co 


S- |am,n|l]m,nll (01,02) S> lam, rq |l]Om,, mr ll (o1,02) 


mn=l1 T1,TQg=1 


I 


IA 


co 
y elP—2-WAmry + Hnrg) e~(D—81- 82) Amr, + Hnrg) 


T1,r2=1 


a S- elOrt62—(n+M) Amr + Hing ) 


T1,TQg=1 


and the last series is convergent since 6; + 62 < 7+. Hence for the sequence {a@m,n}, 
co 
S- AmnOm,n converges in X(¢,,¢2) for each (01,02) < D thus converges in x. 
m,n=1 
But we have 


Co Co 
r 
5 |am,n| e671m + o2Hn) = S [Glas le mp, + F2M ng ) 
mn=1 r1,r2=1 
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Co 
= S oe (P—81-82)(Amr, + Hrrg) elotAmr, + F2Hnry ) 


T1,T2=1 


Co 
= S e(a1td1—D+52) Am 672 +62-D+51) Manny : 


r1,r2=1 
Given 61, 02 choose 01,02 < D such that (oy + 61 + 62) > D and (a2 + 69+ 61) > D 


thus the last series is divergent for 01,02. Hence Se Qm.n€m,n does not converge in x which 
m,n=1 
contradicts (b). Hence (b) = (a). 


To prove (a) = (c) we assume that (a) is true but (c) is not true. Hence there exists a 
[oe) 


sequence {@m,n} of complex numbers for which amnQ@mjn tends to zero in x but 3 AOm,nem,n 
mn=1 
does not converge in y. This implies that 


log |Qm.n| 
lim su mt > —-D+4+ 6, + bo. 
(ne Am + Ln : . 


Hence for 61,62 > 0 there exists a sequence {m,,} and {nx,} of integers such that 


—D+61+52)(A 
lame, ne | 2 e! Tota ia tng), 
Now we choose a positive number 01, 02 such that. We can also find 0, = 01(7) and og = o2(y) 


such that 
lim inf 08 [lom.nll 


m,n— co ai + Ln 


Hence there exists M = M(y) and N = N(n) such that 


= D-n-y7. 


] min 01,0: 
08 ||m, Ihc 1,02) > D—-2n-2y for allm > M,n>N. 
Am + bn 


Therefore 
el P+61 482) Ame, + Hngy ) 


( 
lGrng, sreieg Ome, meg Il(o1,02) = = 
eld1— 20) Am, + Hing, ) e(b2-2N Amy, + ngs) 


D—2n—-27)(Am,, + Bry ) 


which tends to 00 as ky, k2 — oo, since 6; > 27 and 62 > 2+. 
This shows {@m,n Qm,n} does not tend to zero in x and this is a contradiction. Therefore 
we conclude that (a) = (c). 


The main result that follows from above lemma is stated as 
Theorem 2.6. A base in a closed subspace x, of x is proper if and only if condition (a) 
and (A) are satisfied. 
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81. Introduction 


In order to deal with uncertainties, the idea of fuzzy sets and fuzzy set operations was 
introduced by L. A. Zadeh in his classical paper [16] in the year 1965. This inspired mathe- 
maticians to fuzzify Mathematical Structures. The first notion of fuzzy topological space had 
been defined by C. L. Chang [3] in 1968. Since then much attention has been paid to general- 
ize the basic concepts of general topology in fuzzy setting and thus a modern theory of fuzzy 
topology has been developed. In 1989, A. Kandil [9] introduced the concept of fuzzy bitopo- 
logical space as an extension of fuzzy topological space and as a generalization of bitopological 
space. The concepts of Volterra spaces have been studied extensively in classical topology in 
[4], [5], [6], [7] and [8]. The concept of pairwise fuzzy Volterra spaces and pairwise fuzzy weakly 
Volterra spaces in fuzzy setting was introduced and studied by the authors in [14]. In this paper 
we study under what conditions a fuzzy bitopological space becomes a pairwise fuzzy Volterra 
space and pairwise fuzzy Baire space, pairwise fuzzy submaximal space, pairwise fuzzy P-space 


and pairwise fuzzy hyperconnected space are considered for this work. 


§2. Preliminaries 


Now we introduce some basic notions and results used in the sequel. In this work by (X, T) 
or simply by X, we will denote a fuzzy topological space due to Chang (1968). In this work by 
(X,7;, T2) or simply by X, we will denote a fuzzy bitopological space due to A. Kandil. 

Definition 2.1. Let \ and p be any two fuzzy sets in a fuzzy topological space (X,T). 
Then we define : 


(i) AV we: X > [0,1] as follows : (A V )(x) = max {A(x), u(x) }. 


(ii) AA fw: X > [0,1] as follows : (AA ps) (a) = min {A(x), u(x) }. 
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(iii) w= A° S p(x) = 1—- A(z). 


For a family {\;/i € I} of fuzzy sets in (X,T), the union w% = V;A; and intersection 
5 = A,;A; are defined respectively as w(x) = sup;{A;i(x),« € X} and d(x) = infi{rAi (x), © X}. 

Definition 2.2.[1] Let (X,T) be a fuzzy topological space. For a fuzzy set of X, the 
interior and the closure of A are defined respectively as int(A) = V{pu/u < A, € T} and 
cl(A) = A{u/dA < pw, 1 — we Th. 

Lemma 2.1.[1] Let \ be any fuzzy set in a fuzzy topological space (X,T). Then 1—cl(A) = 
int(1 — A) and 1 — int(A) = cl(1 — A). 

Definition 2.3.[2] Let (X,T) be a fuzzy topological space and X be a fuzzy set in X. 
Then 4 is called a fuzzy Gs-set if X = AP2,A; for each ; € T. 

Definition 2.4.[2] Let (X,T) be a fuzzy topological space and A be a fuzzy set in X. 
Then X is called a fuzzy F,-set if \ = V72,A; for each 1 — A; € T. 

Definition 2.5.[14] A fuzzy set \ in a fuzzy bitopological space (X,T),T2) is called a 
pairwise fuzzy open set if X € T;, (¢ = 1,2). The complement of a pairwise fuzzy open set in 
(X, 71, T2) is called a pairwise fuzzy closed set in (X,T\,T>). 

Definition 2.6.[14] A fuzzy set \ in a fuzzy bitopological space (X,T,,T2) is called a 
pairwise fuzzy Gs-set if X = AS2,2;, where (A;)’s are pairwise fuzzy open sets in (X, 7, T>). 


Definition 2.7.[14] A fuzzy set \ in a fuzzy bitopological space (X,T,,T2) is called a 
pairwise fuzzy F,-set if \ = V%,A;, where (A;)’s are pairwise fuzzy closed sets in (X,7T,,T2). 

Definition 2.8.[10] A fuzzy set A in a fuzzy topological space (X,T) is called fuzzy dense 
if there exists no fuzzy closed set y in (X,T) such that A’ < <1. That is., cl(A) = 1. 

Definition 2.9.[11] A fuzzy set » in a fuzzy bitopological space (X,T,,T2) is called a 
pairwise fuzzy dense set if clp,clr,(A) = 1 = clp,clr, (A). 

Definition 2.10.[10] A fuzzy set in a fuzzy topological space (X,T) is called fuzzy 
nowhere dense if there exists no non-zero fuzzy open set ys in (X,T) such that p< cl(A). That 
is., intcl(A) = 0. 

Definition 2.11.[12] A fuzzy set in a fuzzy bitopological space (X,T1,T>) is called a 
pairwise fuzzy nowhere dense set if intr, clr, (A) = 0 = intz, clr, (A). 

Definition 2.12.[12] Let (X,7\,7T)) be a fuzzy bitopological space. A fuzzy set » in 
(X,T,,T2) is called a pairwise fuzzy first category set if X = VP, (Ax), where A,’s are pairwise 
fuzzy nowhere dense sets in (X,71,7>). A fuzzy set in (X,71,7>2) which is not pairwise fuzzy 
first category is said to be a pairwise fuzzy second category set in (X,T1,T>). 

Definition 2.13.[12] If \ is a pairwise fuzzy first category set in a fuzzy bitopological 
space (X,71, 72), then the fuzzy set 1— 2 is called a pairwise fuzzy residual set in (X,T),T2). 


§3. Pairwise fuzzy Volterra spaces 


Definition 3.1.[14] A fuzzy bitopological space (X,7T,, 72) is said to be a pairwise fuzzy 
Volterra space if clr, ( KE (x)) = 1, (i = 1,2), where (A;)’s are pairwise fuzzy dense and 
pairwise fuzzy G5-sets in (X,7),T2). 

Proposition 3.1. If X is a pairwise fuzzy open set in a fuzzy bitopological space (X, T;, T>) 
such that cly,(A) = 1, (i = 1,2), then 1 —) is a pairwise fuzzy nowhere dense set in (X,71, T2). 
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Proof. Let \ be a pairwise fuzzy open set in a fuzzy bitopological space (X, 71, T) such that 
cp,(A) = 1, (@ = 1,2). Then, we have intr, (A) = A, intr,(A) = A and clz,(A) = 1, (@ = 1,2). 
Now inty,clp, (1 — A) = 1 - elz,intz, (A) = 1 - elp, (A) = 1-1 = 0. Also, intz,clp, (1 — A) = 
1 — elp,intr, (A) = 1-— adp,(A) = 1-1 =0. Hence intr, cly,(1 — A) = 0 = intr, clr, (1 — A). 
Therefore 1 — \ is a pairwise fuzzy nowhere dense set in (X, 71, T2). 

Theorem 3.1.[15] If A is a pairwise fuzzy Gs5-set such that clp,(A) = 1, (¢ = 1,2), in 
a fuzzy bitopological space (X,T 1,72), then 1 — X is a pairwise fuzzy first category set in 
eceruen 

Definition 3.2.[12] A fuzzy bitopological space (X,T\, 72) is called a pairwise fuzzy Baire 
space if intr, (V2, (An)) = 0, (¢ = 1,2), where (A;)’s are pairwise fuzzy nowhere dense sets in 
(e775): 

Proposition 3.2. If the pairwise fuzzy first category sets are pairwise fuzzy closed sets 
in a pairwise fuzzy Baire space (X,7\,7T2), then (X,7), 72) is a pairwise fuzzy Volterra space. 

Proof. Let Ax, (& = 1 to oo) be pairwise fuzzy G5-sets such that clr,(Ax) = 1, (i = 1,2) 
in a pairwise fuzzy Baire space (X,71, 72). Then, by theorem 3.1, (1 — A, )’s are pairwise fuzzy 
first category sets in (X,7,,7T>). Then, by hypothesis, (1 — ;,)’s are pairwise fuzzy closed sets 
in (X,7\,T2). Hence (A,)’s are pairwise fuzzy open sets in (X,71, 72). Now (Ax,)’s are pairwise 
fuzzy open sets in (X,71, 72) such that clr,(A,) = 1, (¢ = 1,2). Hence, by proposition 3.1, 
(1—Ax)’s are pairwise fuzzy nowhere dense sets in (X, 71, T2). Since (X,7T),T>) is a fuzzy Baire 
bitopological space, intr, (V1 0—-»)) = 0. Then intr, (I-A x)) = 0. This implies that 


1—clr, (AR. 0x)) = 0. Hence we have clr, (Az, 0.)) = 1. Now clr, Cater) < clr, (AN 


(x)) implies that 1 < dr, ( Ry (x)). That is., clr, ( WO) = Is Since Oy) =") 
(¢ = 1,2) clp,clp, (Ax) = clr, (1) = 1 and clp,clr, (Ax) = clr, (1) = 1. Hence (Ax)’s are pairwise 
fuzzy dense sets in (X,7T,,T2). Therefore, we have clr, ( Ae (Ax)) = 1, (¢ = 1,2) where 
(Ax)’s are pairwise fuzzy dense and pairwise fuzzy G5-sets in (X, 71, 72). Hence (X,7T1,T2) is a 
pairwise fuzzy Volterra space. 

Proposition 3.3. If the pairwise fuzzy residual sets are pairwise fuzzy open sets in a 
pairwise fuzzy Baire space (X,7T1, 72), then (X,71, T2) is a pairwise fuzzy Volterra space. 

Proof. Let the pairwise fuzzy residual sets (\,)’s (k = 1 to co) be pairwise fuzzy open sets 
in a pairwise fuzzy Baire space (X,7T,,7>). Then (1 — A;)’s are pairwise fuzzy first category 
sets in (X,7T;, 72) such that (1—A,)’s are pairwise fuzzy closed sets. Hence, by proposition 3.2, 
(X, 71, T2) is a pairwise fuzzy Volterra space. 

Theorem 3.2.[12] If \ is a pairwise fuzzy nowhere dense set in a fuzzy bitopological space 
(X,71, T2), then 1 — d is a pairwise fuzzy dense set in (X,71, 7). 

Proposition 3.4. If pairwise fuzzy first category sets are pairwise fuzzy nowhere dense 
sets in a fuzzy bitopological space (X,7T1,T2), then (X, 71, Tz) is a pairwise fuzzy Volterra space. 

Proof. Let (Ax)’s (& = 1 to oo) be pairwise fuzzy G5-sets such that cly,(Ax) = 1, (i = 1,2) 
in a fuzzy bitopogical space(X, 7, T2). Then, by theorem 3.1, (1—.,)’s are pairwise fuzzy first 
category sets in (X,7,,7T>). By hypothesis, (1 — »;)’s are pairwise fuzzy nowhere dense sets in 
(X,T,,T2). Hence Ve, (1 — Ax) is a pairwise fuzzy first category set in (X,7T),T2). Again, by 
hypothesis, V?2.,(1 — Ax) is a pairwise fuzzy nowhere dense set in (X,7T),T2). Then, we have 
intr, clr, (VR, (1 — Ax)) = 0 and intr, clr, ( V?y (1 — Ag)) = 0. Now intr, ( VR, (1— Ax) < 
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intr, (clr, (Vi21(1-As))) implies that intr, (V2_,(1—Ax)) < 0. That is., intr, (V3, (1—Ak)) = 
0. Hence intr, (1 — Af2,(Ax)) = 0. This implies that 1 — clr, ( AR, (Ax)) = 0. That is., 
cl, (AR@, (Ax) = 1. Similarly, we will prove that clr, (AR, (Ax)) = 1. Hence cl, (AR, (Ax)) = 
1, (¢ =1,2). Now cly,(Ax) = 1 implies that clr, clp, (Ax) = 1 and clp, clr, (Ax) = 1. Hence (Ax)’s 
are pairwise fuzzy dense sets in (X,71,T2). Now clp,( AZ, (An)) < elr,( AR, (Ag)) implies 
that clr,( AML, (Ax)) = 1. Hence clr, ( Age, (Ax)) = 1, (@ = 1,2) where (Ax)’s are pairwise 
fuzzy dense and pairwise fuzzy G's-sets in (X,T,,T>2). Therefore (X,T,,T>) is a pairwise fuzzy 
Volterra space. 

Definition 3.3.[15] A fuzzy set \ in a fuzzy bitopological space (X,T,,T2) is called a 
pairwise fuzzy o-nowhere dense set if A is a pairwise fuzzy F,-set in (X,7),72) such that 
intr, int, (A) = int, intr, (A) = 0 

Proposition 3.5. If intr,( V%, (Ax)) = 0, where the fuzzy sets (Ax)’s (k = 1 to N) are 
pairwise fuzzy o-nowhere dense sets in a fuzzy bitopological space (X,T,,7T2), then (X, 7,72) 
is a pairwise fuzzy Volterra space. 

Proof. Suppose that intr,( V?, (Ax)) = 0, where (Ax)’s are pairwise fuzzy o-nowhere 
dense sets in (X,T1,T2). Then, we have 1 — intr,( V%, (Ax)) = 1. This implies that 
cl, (1 — V2, (An)) = 1 and hence we have clp,( Af, (1 — Ax)) = 1 — (A). Since (Ax)’s 
are pairwise fuzzy o-nowhere dense sets in (X,7\,T2), (Ax)’s are pairwise fuzzy F,-sets such 
that inty,intr,(A,) = 0 and intp,intr,(A,) = 0. Then (1 — A,)’s are pairwise fuzzy G5- 
sets and 1 — intz,intr,(Ax) = 1 and 1 — intp,intr, (Ax) = 1. Hence (1 — A,x)’s are pairwise 
fuzzy G's-sets and clr,clr,(1 — Ax) = 1 and cl, clr,(1 — Ax) = 1. Hence, from (A), we have 
cl, (Af_y (1 — Ax)) = 1, (é = 1,2) where (;)’s are pairwise fuzzy dense and pairwise fuzzy 
Gs-sets in (X,7,,T>). Therefore (X,7T,,T>) is a pairwise fuzzy Volterra space. 

Definition 3.4.[14] A fuzzy bitopological space (X,T1,T>) is called a pairwise fuzzy P- 
space if countable intersection of pairwise fuzzy open sets in (X,7\,7T2) is pairwise fuzzy open. 
That is., every non-zero pairwise fuzzy G'5-set in (X, 71, T2) is pairwise fuzzy open in (X, 7}, T2). 

Proposition 3.6. If the fuzzy bitopological space (X,T,,T>) is a pairwise fuzzy Baire and 
pairwise fuzzy P-space, then (X,7),T2) is a pairwise fuzzy Volterra space. 

Proof. Let (A\,)’s (k = 1 to N) be pairwise fuzzy G5-sets in a fuzzy bitopological s- 
pace (X,7),72) such that cly,(An) = 1, (¢ = 1,2). Then cly,clr,(Ax) = clr,(1) = 1 and 
clp, cl, (Ap) = ely, (1) = 1. Since (X, T), Tz) is a pairwise fuzzy P-space, the pairwise fuzzy G'5- 
sets (A;)’s (k = 1 to N) are pairwise fuzzy open sets in (X,7T,7T2). Then, (Ax)’s (k = 1 to N) 
are pairwise fuzzy open sets in (X,71,7>) such that clp,(A,) = 1, (¢ = 1,2). By proposi- 
tion 3.1, (1 — Ax)’s are pairwise fuzzy nowhere dense sets in (X,71,T2). Since (X,7\,T2) is 
a pairwise fuzzy Baire space, intr, ( Veer (Ha)) = 0, where (f1,)’s are pairwise fuzzy nowhere 
dense sets in (X,71,7>). Let us take the first N(fq)’s as (1 — Ax) in (X,T),T2). Then, 
intr,( VL, (1 — Ag)) < intr, ( V4 (Ha)) implies that intr, ( VP_, (1 — Ax)) = 0. Hence 
cl, (A®_, (An)) = 1, (¢ = 1,2) where (Ax,)’s are pairwise fuzzy dense and pairwise fuzzy G5-sets 
in (X,7\,7T2). Therefore (X,T,,7T2) is a pairwise fuzzy Volterra space. 

Definition 3.5.[13] A fuzzy bitopological space (X,7T), 72) is said to be a pairwise fuzzy 
submaximal space if for each fuzzy set in (X,71, T2) such that cl7,(A) = 1, (i = 1,2), then » 
is a pairwise fuzzy open set in (X, 71,7»). 
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Proposition 3.7. If the fuzzy bitopological space (X,T1,T2) is a pairwise fuzzy Baire 
space and pairwise fuzzy submaximal space, then (X, 7), 72) is a pairwise fuzzy Volterra space. 

Proof. Let (A,)’s (k = 1 to N) be pairwise fuzzy G's-sets in a fuzzy bitopological space 
(X,T\,T2) such that cl7,(Ax) = 1, (¢ = 1,2). Since (X,T1,T2) is a pairwise fuzzy submax- 
imal space, the pairwise fuzzy dense sets (Ax)’s (k = 1 to N) are pairwise fuzzy open sets 
in (X,T,,T2). Then, (A,)’s (k = 1 to N) are pairwise fuzzy open sets (X,T,,T>) such that 
clr, (Ax) = 1, (@ = 1,2). By proposition 3.1, (1 — \%)’s are pairwise fuzzy nowhere dense sets 
in (X,T1,T2). Since (X,T),T2) is a pairwise fuzzy Baire space, intr,( V2, (ua)) = 0, (i = 
1,2), where (ji.)’s are pairwise fuzzy nowhere dense sets in (X,71, 7). Let us take the first 
N(ua)’s as (1 — Ax) in (X,T),T2). But intr,( VAL, (1 — An)) < intr, ( V1 (ua)). Now 
intr, (VAL, (1— Ax)) = 0 implies that intp,(1—Ag_,(Ax)) = 0. Then 1— ely, ( Agi, (Ax)) = 0. 
That is., clp,( Af, (Ae)) = 1, (é = 1,2) where (Ag)’s are pairwise fuzzy dense and pairwise 
fuzzy G's-sets in (X,T1, T2). Therefore (X, 71, T2) is a pairwise fuzzy Volterra space. 

Definition 3.6.[15] A fuzzy bitopological space (X,T,,T>) is called a pairwise fuzzy hy- 
perconnected space if \ is a pairwise fuzzy open set, then cly,(A) = 1, (i = 1, 2). 

Proposition 3.8. If the fuzzy bitopological space (X, 7, T2) is a pairwise fuzzy submaxi- 
mal space and pairwise fuzzy hyperconnected space, then (X,7T,, T>) is a pairwise fuzzy Volterra 
space. 

Proof. Let (A,)’s (k = 1 to N) be pairwise fuzzy G's-sets in a fuzzy bitopological space 
(X, 7), T2) such that clr, (Ax) = 1, (¢@ = 1,2). Now clz, (Ax) = 1 implies that cly, cdr, (A,) = 1 = 
clp,clp, (Az). Since (X,T,,T2) is a pairwise fuzzy submaximal space, clr,(A,) = 1, (¢ = 1,2) 
implies that (A;,)’s are pairwise fuzzy open sets in (X,71, 72). That is., Ax € T;. Now Ax € T; 
implies that AM_, (Ax) € Ti, (i = 1,2). Also since (X,7;, 72) is a pairwise fuzzy hyperconnected 
space, clr, ( ar (Ax) = 1, (¢=1,2) where (A;)’s are pairwise fuzzy dense and pairwise fuzzy 
Gs-sets in (X,7T,,T>). Therefore (X,7T,, T>) is a pairwise fuzzy Volterra space. 
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Abstract Given a graph G with n vertices and m edges, the term energy of graph 
E(G) was introduced by Gutman in chemistry, due to its relevance to the total 7—electron 
energy of carbon compounds. In 1971 McClelland obtained both lower and upper bounds 
for m—electron energy. An improved upper bound was obtained by Koolen-Moulton in 2001. 
The lower and upper bounds for €(G) obtained in this paper are better than McClelland and 
Koolen-Moulton bounds. Also we obtained an upper bound for graph energy in terms of n 
as £(G) < 3[1+ 4/233]. 
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81. Introduction and preliminaries 


Let G = (V, E) be a simple undirected graph with n vertices and m edges. For any vieV, 
the degree of the vertex v;, denoted by d; or d(v;), is defined as the number of edges that are 
incident to v;. A graph G is said to be r-regular if each vertex of G have same degree r. A 
graph G is bipartite of degree r; and ro, if the vertex set, V is partitioned into disjoint subsets 
X and Y such that no two vertices of X(orY) are adjacent. A regular bipartite graph is a 
bipartite graph if each vertex has same degree. A bipartite graph G is semi-regular bipartite if 
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it is bipartite and each vertex in the same partition has same degree. Clearly regular bipartite 
graph is semi regular bipartite graph (r1 = r2). 


Given a graph G, the energy of G defined by 


n 


E(G) = Soil 
i=1 
where A, > Ag > -:: => An are the eigenvalues of G which are obtained from its adjacency 
matrix. The studies on graph energy can be found in many papers, see e.g. [4-6]. For detailed 
survey on applications on graph energy, see papers [1-3]. 


Koolen and Moulton obtained upper bounds, [10], for graph energy in terms of m and n 
as 


AOS 2 nal 1) (2m = (=)’) for 2m >n (1.1) 


n 


and obtained an upper bound for bipartite graph [11] as 


gO Ses rc 2)(2m 2(")") for 2m >n. (1.2) 


n 
Also they proved that for a graph G with n vertices 


E(G) < 5+ vn). 


Here in this paper we have shown that the upper bound (1.1) can be modified to a better 
bound for all classes of graphs with n? > 4m. Further results on upper bounds can also be seen 
in [7]. 


McClelland gave the following bounds for the energy of a graph 


2m + n(n = 1)|det(A)|* < €(G) < V2mn, (1.3) 
[12]. The lower bound obtained in this paper is better than the McClelland bounds. Kinkar 
Ch. Das et. al. also obtained an improvised lower bound for non-singular graphs, [8]. J. H. 
Koolen et. al. have improvised McClelland bounds in the paper [9]. 


§2. Discussion and Main results 


The following is a very useful tool on the eigenvalues: 


Lemma 2.1. Let G be a graph with n > 3 vertices and m edges. For respectively largest and 


smallest eigenvalues 1 and A, of G, we have 


eee te Fy aie 
n 
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Proof. For n eigenvalues Ay > A2 > +++ > An of G, it is well known that 


su =0 and re = 2m. 
i=l i=l 


Applying the Cauchy-Schwarz inequality for (Az, A3,--: , An—1) and (1,1,--- ,1), where n > 3, 
a 
n—2 times 
we obtain 
n—-1 2 n-1 n-1 
2 
Say s(ENEe) 
i.e., 
(Ar + An)? < (n — 2)(2m — AZ — 22). 
Hence 
(n—2)2m > (Ay +An)? + (n— 2)(AZ + A?) 
= (A+ An)2(n— 1) — 2(n— 2)A1An- 
But X 
LES a 
2 
which implies that 
Ay t+ An\2 
= ae 
Athn ( 2 ) 
Hence 
(n—2)2m > (Ar +An)2(n— 1) — 2(n — 2) Arte) 
= (1 +A,)?3 
This Ay sy < 9 / 


n 


We use the above lemma to find an upper bound for the width A; — A, of the spectrum: 


Corollary 2.1. For a graph G with n > 3 vertices and m edges, 


Proof. Applying the Cauchy-Schwarz inequality for the ordered pairs (A;,—A,) and (1,1), we 
have 
[LA1) + 1(-An)P < (1+ DOT + Az) 


implying that 


Ai — An < V2y At + AZ 


< 2/2,/@(n— 2). 


Thus the width of the spectrum of a graph G can be at most 2V2 min — 2). 
n 
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Using \y + An < 24/ "(nn — 2) and Ay — An < 2V2,/ " (n — 2), we find that 
n 


n 
Ack hse) ~(n— 2) 
for n > 3 which is an upper bound for the largest eigenvalue. 


§3. Upper bound for the energy of a graph 


Theorem 3.1. Let G be a graph with n > 3 vertices and m edges. If n? > 4m, then 


2m 2m 2m 4m? 
eal pails = pry ak ee 
(Os 4 +4/(n 2)(2m . ) (3.1) 
Equality holds iff G is 5 Ke. 
Proof. Applying the Cauchy-Schwarz inequality to (|A2|, |A3|, °°: , |An—1|) and (1, 1, ---, 1), 
— SS 
n—2 times 
we have 
n-1 2 n—-1 n—1 
(> \Ail) < (~ 1) (~ Ail?) 
i=2 i=2 i=2 
and hence 
(E(G) — |Aa| — |An|)? S (n — 2)(2m — |i]? = [An|?)- 
Therefore 


E(G) < [Aa] + An] + V/(n = 2)(2m — [Aa]? — [An|?). 


Let now |Ay| = 2, |An| = y. We maximize the function 


f(a,y) =a ty+ V(n—2)(2m — 2 — y?). 


Differentiating f(2,y) partially wrt x and y, respectively, we obtain 


x(n — 2) y(n — 2) 
2=l ) y— 1 
a CDC a en Or Ce 
= Vn — 2(2m — y”) fe = Vn — 2(2m — x?) 
mae Om 


Vn — xy 
(2m =a? = y2)P 


For maxima or minima, consider the equations f, = 0 and fy = 0 which together imply that 


fry = 


z2(n—1)+y?=2m and y?(n—1) +27 =2m. 


2 
Solving the above equations, we obtain the values of x and y asx = y= oI Oke this point, 
n 
the values of fer, fyy, fay and A = fra fyy — (fay)? are 
a= vn—=2n-1) 4 _ wrt 2 = 1) 


SY, yy Se? 
\/2™(n — 2)3 \/ 2@(n — 2)3 
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—2 2743-3 
fi ie EO og fee TS SI) 6 
4/22 (n — 2)2 2m/(n — 2) 
2m 
Therefore f(x,y) attains its maximum value at x = y = a. Thus the maximum value is 
2 2 
equal to r( re = cong =) = V2mn. But f(x,y) decreases in the intervals = ee x <Vmand 


0<y<4/— oY Vm. Since n? > 4m, we get that 
n 


2 2 2 
| SSIS Vm, 0S [nl s/s vin 


(Val Dal) < 472/22) < 16, f™) 
EG) < mg [Ma in 2) (2m — 2 — 4) 


< 2mn. 


also holds. Thus 


and hence 


x 


For the graph G ~ ae (n = 2m), E(G) =n and hence the equality holds. 


Now we show that the above bound is an improvisation of Koolen-Moulton bounds: 
Take 


g(z,y) =2+yt+ V(n—1)(Qm — a? — y?). 


2 
Then clearly f(x,y) < g(x,y) for all (x, y) in the given region of x and y. Further for 2 = ley 

n 
we have 


2 4m2 
But fee y) decreases in the interval 0 < y < 4/2m— ey Since n? > 4m, 
n n 


also holds. Thus f(2, 2 ) < f(2#,0). But 


i(™.0) < 9(.0) and 9,0) = Lari 1)(2m - 2°) 


which implies that f(2@, al 2m ) 


IA 
Ss 
es 
iw) 
3 
oO 
Macc 
a0) 
=) 
a 
=) 
=) 
2. 
= 
= 
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As in the above proof when y = 2, 


f(x, x) = 2a + /(n — 2)(2m — 22). 


But f(x,«) decreases in the interval 21m <a</m. Since n? > 4m, 


/2 2 — 
ue ete = 
n n 


2m 2m)? : : 
also holds. Thus we get €(G) < 2(—) + in- 2) (2m - 2(—=) ). We claim that this 
n n 
bound is better than Koolen-Moulton bound. 


Take 


g(x,y) =e t+ytV¥(n—1)Qm — a? —y?). 
Then clearly f(x,y) < g(x,y) for all (x,y) in the given region. Taking « = =, we get 


But f(2,y) decreases in the interval 0 < y < \/2m — Am Since n? > 4m, the inequality 


O0<y< mc Oy /om 
/= 


also holds. Thus f (22,2) < f(2m,0). But ae ie ,0) and g(2,0) = 2% + 
g 


ye —1) (2m - sn ) which together imply that f(2@, am) < 


Gh, x sae y(n —2)(2m —2(2 


IA 
oe 
— 
| 
= 
~~ 
I) 
= 
| 
——~ 


Theorem 3.2. Let G be a graph with n vertices. Then 


£(G)< = (1 a (3.2) 


ne?) 
=D) ef 


2 


Proof. By previous theorem, for n? > 4m, we have 


£(@) <2() + y(n—2)(2m -2(2")’). 


We maximize the right hand side in terms of m. Let 


Then clearly 


53 


54 G. Sridhara, M. R. Rajesh Kanna, R. Jagadeesh and I. N. Cangul No. 1 


For maxima, from g’(x) = 0, we get 


en) 
——~ 
5, 
NY 
lI 


Note that for all classes of graphs with n? > 2m, Koolen and Moulton bound is better 
than the bound in (3.1). 


Clearly, the bound in (3.2) improves the Koolen and Moulton bound in terms of n: 


Illustrations 


The following table illustrates that the upper bound (3.1) is better than Koolen and Moul- 
ton bounds (1.1) for graphs with n? > 4m. 
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Graph-1 

Graph-2 Graph-3 

a a Graph-4 
Graph-5 Graph-6 Graph-7 Graph-8 

8 
vs @ 
Graph-9 Graph-10 Graph-11 Graph-12 
Graph-13 Graph-14 Graph-15 Graph-16 
Graph-17 Graph-18 Graph-19 
FIGURE-1 
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Graphs mj|n]| Energy | K.M. Bound Improved Improved K.M. Bound 
K.M. Bound for | Ax |=| An | 

Graph 1 | 3 | 4 | 4.472136 4.854102 4.8460652 

Graph 2 | 4 | 4 4 5.4641016 5.4142136 4 
Graph 3 2/4 4 4 4 4 
Graph 4 | 3 | 4 4 4.854102 4.846052 

Graph 5 | 5 | 5 | 6.472136 6.8989795 6.8783152 

Graph 6 | 6 | 5 | 6.340173 7.3959984 7.3433059 

Graph 7 | 5 | 5 | 5.841693 6.8989795 6.8783152 

Graph 8 | 4 | 5 6 6.2647615 6.2590236 

Graph9 | 1 | 5 2 3.112932 3.1109165 3.0449944 
Graph 10} 6 | 5 4.8990 7.3959984 7.3433059 6 
Graph 11} 4 | 5 4 6.2647615 6.2590236 6.1393877 
Graph 12} 4 | 5 5.2263 6.2647615 6.2590236 6.1393877 
Graph 13 | 6 | 6 8 8.324555 8.313193 8 
Graph 14 | 7 | 6 | 7.6568542 8.8738056 8.1943351 

Graph 15 | 8 | 6 6.9282 9.3333 9.2885363 8 
Graph 16 | 7 | 6 | 7.4641016 8.8738056 8.8497351 

Graph 17 | 8 | 6 | 8.1826945 9.333 9.2885363 

Graph 18 | 8 | 6 | 8.0457827 9.333 9.2885363 

Graph 19 | 7 | 6 7.6569 8.8738056 8.8497351 8.1943351 

Table-1.1 


Theorem 4.1. Let G be a non-singular graph. Then 


§4. Lower bounds for energy 


E(G) > n|det Al. 


Equality holds iff G is Kz (n= 2m) . 


Proof. For the eigenvalues A; > Ag > --- 


> A», of G (or its adjacency matrix A), it is well 


known that | det(A)| = |AiA2---An|. Since G is non singular, we know that | det(A)| 4 0. 


1 


Applying the Cauchy-Schwarz inequality for n terms a; = ,/|A;| and b; = 1 for all 7 = 


5 2. ree, 


n, we have 
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Hence we get 


Die Val 
JE@ = oo 


But 
r vee Xn a 
VT + VBal-+ + Val 5 (spa) 
n 
implying that 
E(G n( VTrra= nl)” 
> 
@z Ti 


Therefore €(G) > n|detA|*. 


For the graph G ~ } K2 (n = 2m), det(A) = 1 and hence the equality is true. 


Theorem 4.2. Let G be a graph with n > 1 vertices and m edges and let 2m >n. Then 


1 


2n (n — 1)| det(A)|@-5 
ie (2) : 


Further the equality holds if (i) G is isomorphic to K,, (ti) G is isomorphic to ae (n = 2m). 


E(G) = 


Proof. Using the Cauchy-Schwarz inequality for /|A2|, V/|Asl,-°- ;./|An| and (1,1,---,1), we 
—— 


n—2 times 
have 


Evils | (Sho 


and equivalently 


Y vii sy (€@)=al)en— 0 


1=2 
and hence 
Dine VIAal 
E(G \y| > St 
( ) | i| = vn—1 
But 
VJ A2| + /JA3] +--+ V]An! wot 


= ( [A2ds-* An) 


n—-1 
implying that 


1 
(n—1) 


(n — 1)(\/Dars- An) 


n—-1 


VE(G) — |Ai| 2 
Hence we get 


€(G) 


IV 


JAr] + (n= 1)([Azds-+ An) 
|Ai| + (n — 1) (Leesan) 
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Let |Ai| = x and choose 


flo) = 2+ (n—1)( AN 
Then ; 
f(a) =1— tale 
and ? 


n| det(A)| @— 


(Q2n—1) ° 
(n—l)2 @=0 


f"(w) = 


For maxima or minima, the equation f’ (2) = 0 gives the value x = |det(A)|*. At this point, 


” n _ 
= ——_|det(A)|* > 1. 
fl(e) = GA pyldet(A)|* > 0, m4 
Thus the function f(x) is minimum at « = |det(A)|* and the minimum value is equal to 
f(\det(A)|*) = n|det(A)|*. But 
2m __ Aa |? +) Aa [P+ +] An |? 


Salt Dal+e +1 An! 
n 


Iodine 


IV 


1 


This implies that |det(A)|» < since 2m > n and “ < |A\|. Therefore the function is 


n 


increasing in the interval |detA|" < 2m < || < V2m. Therefore 


f(a) > 1(™) 
and | 
E(G) > am | (n— eigen) fT) 
(222) (n=l) 
Also 


(i) If G is isomorphic to K,,, then |det(A)| = n—1 and # = n—1, and hence €(G) = 
2(n — 1). 

(it) If G is isomorphic to ie (n = 2m), then the eigenvalues are +1 (with multiplicity 5 
each) implying that €(G) =n. 


1 
2 — 1)| det(A)| @=-) 
Minimizing the lower bound €(G) > aa Oe Ee) 


1 
n am \ (—1) 
n 


Theorem 4.3. Let G be a graph with m edges and n (> 3) vertices such that 2m >n. Then 


in terms of n gives E(G) > 


nidetA|*. 


£(G) > 2(*™) _ (n= 2) det(A)] 


| 2 
nm 2m n-2 
n 


Equality holds iff G is isomorphic to 4K (n = 2m) or Kn n. 
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Proof. For n — 2 entries of eigenvalues (4/|A2|, V/|As|, --+ 5 W/|An—1|) and (1,1,--- ,1), apply 
—S 


n—2 times 


the Cauchy-Schwarz inequality 


n—-1 


* Vin < (Soil) (2) 


and hence 


vals y(e@ — [Aal = [Anl) (n= 2) 


implying that 


Jez Dal Pal > se avi 


But the arithmetic mean is greater than or equal to Rees geometric mean, we get 


=. 
n—2 


(n — 2)(V/[2ds = Anal) 


VE(G) = [Aa = [An] = = 


and therefore we obtain 


FOZII+ PI +O -A( To) 


Put |\i| = 2 and |A,| = y. We minimize the right side of the above function. Let 


Flea) = 2+ y+ (n—2)( tA) 


ty 
Then 
SAL. —(n—-1) seit =(n—-1) 
fr =1-|det(A)|*Fy(ay) =, fy =1—|det(A)| 2 a(ay) =, 
_ 1 (n—1) 9 =(2n=3) - 1 (n—ly) 9 =(@n=3) 
fox = |det(A)|**2 (=) y(ay) "2, fyy = [det(A)| =? (2) 2? (ay) 3 


and 
=(m=1) 


i (gy) rn? 
fay = | det(A)| a2 = 


To find the maxima or minima, use the equations f, = 0 and fy = 0 which gives 


xy™t = |det(A)|=T and yet =|det(A)|=7. 


i 
n 


Solving these equations gives x = |det(A)|* and y = |det(A)|*. At this point, the values of 


fea, fuys fey and A= fox fyy ant hale are 


fee = fy = (25) |et(4)]*, 


and 
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for alln # 2. The minimum value is then equal to 


f(|det(A)|*, |det(A)|*) = ndet(A)|*. 
But | det(A)|" < 2% < |\| < V2m and 0 < |An| < |det(A)|" < 2 < 2m. For 2m > n, 
f(a,y) increases in the intervals | det(A)|" < 2m <ax<V2nand0<y< | det(A)|= < 21m 
V2m, i.e., f(x,y) increases in the intervals | det(A)|* < 21 < |A1| < V2m and 0 < |An| 
| det(A)|" < 2™ < V2m. Thus 


IN IA 


f(b nl) = £(22,22) 
> f( 2, |det(A)|* ) 
2 


f(|det(A)|*, |det(A)|*). 


Hence we get 


(n — 2)| det(A)| == 


2 
2m \ 7-2 
n 


€(G)> 2(*™) 


n 


Also 


(i) If G is isomorphic to she (n = 2m), then G has eigenvalues +1 (with multiplicity 
each) implying €(G) = n. 


(ii) If G is isomorphic to Ky», then G has eigenvalues +n and 0 with multiplicity 2n — 2 
giving €(G) = 2n. 


Note that we can now prove that this bound improves the McClelland bound: Consider 
the function 


om) =2(7") +m eo 2m + n(n = 1] det(A)|?. 


n 


For a fixed n, we show that ¢’(m) > 0 and $”(m) > 0 by differentiating in terms of m: 


4 4|det(A)| 7 1 
us are a i 
n(22) [2m + n(n — 1)] det(A)]? 
iD 
Since | det(A)|» < ae we get 


and as 2m >n, 


IA 


2° 


2m +n(n—Ddet(A)|t” 
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Thus ¢'(x) > 0. Also 


g"(m) = 


4| det(A)| 3) 


1 


(n—2)(2@) 


20=) " (2m + n(n — 1)| det(A)|*)2 


Clearly ¢”(m) > 0. Thus ¢(m) is an increasing function which implies that 


>( 


2m 


| det (A)| == 


Jo 


2) 


2m n—2 
n 


y= > [2m +n(n— 1)|det(A)|*. 


The above bound in Theorem 4.3 can be minimized by differentiating with respect to m 


to get the lower bound for €(G) in terms of n: 


E(G) > n\det Al. 


Table—1.2 below gives us an improvisation of the lower bound for the graph classes in 


Figure—1 
Graphs |mj/nJ| Energy | McClelland Bound | Improved McClelland Bound 
Graph 1 | 3 | 4 | 4.472136 4.2426407 4.3333 
Graph 2 | 4 | 4 4 2.8284271 4 
Graph 3 2/4 4 4 4 
Graph 4 | 3 | 4 4 2.4494897 3 
Graph 5 | 5 | 5 | 6.472136 6.0324256 6.3811016 
Graph 6 | 6 | 5 | 6.340173 3.4641016 4.8 
Graph 7 | 5 | 5 | 5.841693 3.1622777 4 
Graph 8 | 4 | 5 6 5.8643123 5.9630236 
Graph 10} 6 | 5 4.8990 3.4641016 4.8 
Graph 11} 4 | 5 4 2.8284271 3.2 
Graph 12} 4 | 5 5.2263 2.8284271 3.2 
Graph 13 | 6 | 6 8 7.7215304 8 
Graph 14 | 7 | 6 | 7.6568542 6.6332496 7.2852813 
Graph 15 |} 8 | 6 6.9282 4 5.333333 
Graph 16 | 7 | 6 | 7.4641016 3.7416574 4.6666667 
Graph 17 | 8 | 6 | 8.1826945 6.78233 7.7828231 
Graph 18 | 8 | 6 | 8.0457827 4 5.3333333 
Graph 19 | 7 | 6 7.6569 6.6332496 7.2852813 
Table-1.2 
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§5. Brief summary and conclusion 


In this paper, we find some lower and upper bounds for the energy of graphs. Attempt- 


s are continuously being made by researchers to improve these bounds. The lower and upper 


bounds obtained in this paper are improved versions of McClelland and Koolen-Moulton bound- 


Ss. 
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81. Introduction 


The concept of fuzzy sets was introduced by Zadeh [1] as a method for representing un- 
certainty. A fuzzy set A in a space of points X is characterized by a membership function 
which is denoted by f(a) for any point x in X. This function is associated with a real number 
ranging between 0 and 1. The value of the function f4 at x represents the membership value 
of « in A. Extensions of fuzzy sets were proposed to treat imprecision such as interval valued 
fuzzy sets [2], intuitionistic fuzzy sets [3], L-fuzzy sets [4] and bipolar valued fuzzy sets [5], [6]. 
In [7], the authors investigates the similarities and differences between the representations of 
interval-valued fuzzy sets, intuitionistic fuzzy sets and bipolar-valued fuzzy sets. Interval valued 
fuzzy sets represents the membership degree by an interval value that reflects the uncertainty 
in assigning membership degrees. Intuitionistic fuzzy sets describes membership degree with a 
membership degree and a non-membership degree. In bipolar valued fuzzy sets, the member- 
ship degrees represent the degree of satisfaction to the property corresponding to a fuzzy set 
and its counter property. The membership degree in a bipolar valued fuzzy set range between 
the interval [0,1] and [—1,0]. If the membership degree is 0 this means that the elements are 
irrelevant to the corresponding property, if the membership degree is in the interval (0, 1] then 
elements satisfy the property and if the membership lies in [—1,0] then the elements satisfy 
implicit counter property. Many studies have been done on bipolar fuzzy sets. For example, 
in [8] bipolar fuzzy structure of BG-subalgebras has been studied. Also, the bipolar fuzzy 
subalgebras and closed ideals of BC H-algebra and BC K/BCI-algebras has been introduced 
in [9], [10] respectively. More precisely, fuzzy extensions has been investigated in G-algebra. 
In [11] intuitionistic fuzzy G-subalgebras of G-algebras is considered and some characterization 
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of intuitionistic fuzzy G-algebras are given. In [12] the L-fuzzification of G-subalgebras are 
considered and a characterization of L-fuzzy G-algebras is given. 

In this paper, we complete the studies of fuzzy extensions in G-algebra. We study G- 
subalgebras and closed ideals of G-algebra based on bipolar valued fuzzy sets. The paper is 
organized as follows: In Section 2, we give basic definitions and propositions on G-algebra and 
fuzzy sets. In Section 3, we introduce bipolar valued fuzzy G-subalgebras and investigate some 
of its properties. Moreover, we give characterizations for bipolar valued fuzzy G-subalgebras. In 
Section 4, we introduce the notions of bipolar valued fuzzy ideals/closed ideals of G-algebra and 
the relations between bipolar valued fuzzy G-subalgebras and bipolar valued fuzzy ideals/closed 
ideals of G-algebra has been investigated. 


§2. Preliminaries 


Definition 2.1 [13, Definition 2.1] A G-algebra is a system (X,*,0) where X is a non- 


empty set, * a binary operation and 0 a constant satisfying the following axioms: 
(1) wxx=0, 
(2) uwx(xxy)=y, for allxz,yeX. 


Proposition 2.2 [13, Proposition 2.1] If (X,*,0) is a G-algebra, then the following con- 
ditions hold: 


(1) «x0=2a, 
(2) Ox (Oxx) =a, for anyxE X. 


Proposition 2.3 [13, Proposition 2.2] Let (X,*,0) be a G-algebra. Then, the following 
conditions hold for any x,y € X, 


(1) (w*(w*y))*y =0, 
(2) e«xy=O0>tH=y, 
(83) Oxa=Oxy=> r=y. 


Theorem 2.4 [13, Theorem 2.6] Let X be a G-algebra. Then the following are equivalent, 
for allz,y,zEX: 


(1) (axy)*z=(a*z) xy. 


Theorem 2.5 [13, Theorem 2.7] Let X be a G-algebra. Then the following are equivalent, 
for alla,y,z EX: 


(1) (axy)*(a*xz) = zy. 


(2) (wxz)x(yxz) =arey. 
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Lemma 2.6 [13, Lemma 2.1] Let (X,*,0) be a G-algebra. Thenaxa = ax*y implies 
x=y, for anya,xz,yEX. 

Definition 2.7 [13, Definition 3.3] A G-algebra (X,*,0) satisfying (x * y) * (z*t) = 
(a * z) * (yx t) for any x,y,z andt € X is called a medial G-algebra. 

Lemma 2.8 [13, Lemma 3.1] Jf (X,*,0) ts a medial G-algebra then for any x,y and z 
€ X the following holds: 


(1) (awxy)xx=Oxy. 
(2) vx (y*z) =(x*y) x (O0*2z). 
(3) vx(y*z)=(rx*z)*y. 


A non-empty subset S of a G-algebra X is called a subalgebra of X if « * y € S, for all 
x,yeS. 

Definition 2.9 [1] Let X be the collection of objects x then a fuzzy set A in X is defined 
as: A = {(a,fa(x)) | «© € X} where fa(a) is called the membership values of x in A and 
fa(x) € [0,1]. 

Definition 2.10 [10] Let X be non-empty set with objects x. A bipolar fuzzy set f in 
X is an object having the form f = {(x,f*(x), f-(x)) | « € X}, where ft : X — [0,1] and 
f- : X — [-1,0] are maps. 

If ft (x) £0 and f~(x) = 0 then = is regarded as having only positive satisfaction degree 
to the property corresponding to the bipolar fuzzy set f. If ft (x) = 0 and f~(x) #0 then x 
does not satisfy the property of f and satisfies the counter property of f. For an element z, it 
possible to have ft(x) #0 and f~ (x) 4 0 which means that the membership function of the 
property overlaps of its counter property over some elements of X. 

If fi ={(2, f(x), f7 (w))} and fo = {(2, fo (x), fy (x))} are two bipolar fuzzy sets on X 
then the intersection and the union of two bipolar fuzzy sets are given as follows: 


Aidhe = (fF (@)O fe (®), fr @)9 fe (x) 

= {min{f{ (2), fy (@)}, max{fy (©), fe (@)}, 
AUfe = (fF (@)U fy (®), fr (@) YU fo (x) 

= {max{f/(2), fy (v)},min{fr (©), fo (x) }}- 


§3. Bipolar fuzzy G-subalgebra 


In this section we introduce bipolar fuzzy G-subalgebras and we give characterizations 
of it with examples. For the rest of the paper we will denote the bipolar valued fuzzy set 
f ={(a, ft (a), f-(2)) | a © X} by f = (ft, f7) and X for the system (X, *,0) for shortness. 

Definition 3.1 Let f be a fuzzy set in a G-algebra X. Then f is called a fuzzy G-subalgebra 
of X if, f(axy) > min{ f(x), f(y)}, for all x,y © X, where f(x) is the membership value of «x 
in X. 

Definition 3.2 Let X be a G-algebra and let f be a bipolar fuzzy set in X. Then the f is 
a bipolar fuzzy G-subalgebra if, for all x,y © X the following are satisfied: 
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(1) ft(w*y) > min{f* (2), f(y}, 
(2) f-(w*y) S max{f (a), f(y). 


Example 3.3 Consider the G-algebra X where X = {0,1,2} and x is defined by Cayley 
Table 1. Let f =(f*,f—) be a bipolar fuzzy set in X where ft and f~ are defined as follows: 


Table 1: 
«10 1 2 
0;0 2 1 
1/1 0 2 
2/2 1 0 


0.66, «x € {0,2}; 
0.51, 2=1. 


-0.57, x € {0,2}; 
-0.36, x=1. 


f(@)= 


Then f is not a bipolar fuzzy G-subalgebra of X as ft(0 * 2) = ft(1) = 0.51 whereas 
min{f*(0), f*(2)} = min{0.66, 0.66} = 0.66 ze. f*(0* 2) Z min{ ft (0), f*(2)}. 

Example 3.4 Consider the G-algebra X where X = {0,1,2,3,4,5,6,7} and « is defined 
by Cayley Table 2. Let f =(f*,f—) be bipolar fuzzy set in X where ft and f~ are defined by: 


Table 2: 
*/O0 1 2 3 4 5 6 7 
0/0 2 1 3 4 5 6 7 
1/1 0 3 2 5 4 7 6 
2/2 3 0 1 6 7 4 5 
3/3 2 1 0 7 6 5 4 
4/4 5 6 7 0 2 1 8 
5/5 4 7 6 1 0 3 2 
6/6 7 4 5 2 3 0 1 
7/7 6 5 4 3 2 1 «0 
f*(e) = 0.74, « € {0,1,2,3}; 


0.52, otherwise. 
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—0.57, «x € {0,1,2,3}; 


f(z) = ; 
—0.36, otherwise. 


Then by direct computations we find that f is a bipolar fuzzy G-subalgebra of X. 

In the next theorems we give characterizations for a bipolar fuzzy set of a G-algebra to be 
a bipolar fuzzy G-subalgebra. 

Theorem 3.5 Let A be a non-empty subset of a G-algebra X and let f = (ft, f~) be a 
bipolar fuzzy set in X defined by 


ft(z) = “, fae A; 
Y2, otherwise, 
fn) = 64, if x € A; 


62, otherwise, 


where 71 > y2 in [0,1] and 6, < 52 in [-1,0]. Then f is a bipolar fuzzy G-subalgebra of X if 
and only if A is a G-subalgebra of X. 


Proof. ”=>”. Suppose that f is a bipolar fuzzy G-subalgebra of X. For x,y € A we have 
ft(w*y) > min{ f(a), f+(y)} = mina} = 71 and f-(e*y) < max{f-(2), f-(y)} = 
max{d1, 61}. Hence, x * y € A and so A is a G-subalgebra. 

”<”. Suppose A is a G-subalgebra of X. We have the following cases: 


Case(1) x and y¢€ A. Ifxz,ye Athen x*y € A. Hence ft (x * y) = y = min{ ft (x), ft (y)} 
and f~ (a * y) = 6; = max{f7 (x), f~(y)}. 


Case(2) x g Aory ¢ A. Ifa ¢ A ory ¢ Athen ft(x*y) > y = min{ft(z), ft(y)} 
and f(a *y) < 62 = max{f~ (a), f~(y)}. Hence, in both cases, f is a bipolar fuzzy 
G-subalgebra of X. 


Theorem 3.6 Let X be a medial G-algebra and A a non-empty subset of X. If f = 
(ft, f7) is a bipolar fuzzy set in X defined by: 


ft) = "1, ifforace A, xxa= (0xa)* (0«2z); 


y2, otherwise, 


f-(@) = 1, ifforae A, xxa=(0x«a)*(0*2); 


62, otherwise, 


where x € X, ¥1 > Ye in [0,1] and 6, < d2 in [-1,0]. Then f is a bipolar fuzzy G-subalgebra of 
Xx. 


Proof. Let x,y € X and a € A.Then (x * y) «a =0* (0 * (ax y)) *a = (0 * a) * (0 (~@ ¥ y)) as 
X is medial. We consider two cases. 
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Case(1) If «a = (0* a) * (0* x) and yxa = (0* a) x (0% y) and so ft(x*xy) = = 
min{ f*(x), f*(y)} and f~ (a *y) = 61 = max{f~ (x), f~(y)}. 


Case(2) If rxa 4 (Oxa)*(Oxx) or yxa 4 (Oxa)*(Oxy). Then ft (a*xy) > yo = min{ ft (x), fr (y)} 
and f~(a*y) < 2 = max{f~ (x), f~(y)}. 


Hence f is a bipolar fuzzy G-subalgebra of a medial G-algebra. 


Proposition 3.7 Let f = (ft, f7) be a bipolar fuzzy G-subalgebra in a G-algebra X. 
Then, forx € X, f*(0) is an upper bound of f*(x) and f~(0) is a lower bound of f~ (2). 


Proof. Let x € X. Then, as f is a bipolar fuzzy G-subalgebra in X, we have ft(0) = ft (a*a) > 
min{ f+ (2), ft(a)} = f+ (w) and f-(0) = f- (wee) < max{ f-(«), f-(a)} = f(a). This proves 


the proposition. 


Theorem 3.8 Let f =(f*,f~) be a bipolar fuzzy G-subalgebra in X. If there exists a se- 
quence tp in X where n is positive integer such that limg +o ft (an) = 1 and limy +. f~ (tn) = 
—1, then ft(0) =1 and f~(0) =-1. 

Proof. From Proposition 3.7, f*(0) > ft (2), for all 2 € X and so f*(0) > f*(a,). Therefore, 
1> fT(0) > limg 5. ft (an). As limg-.oo f*(@n) = 1 we have ft(0) = 1. Similarly, we can 
show that f~ (0) = —1. 


Proposition 3.9 Let f = (f*,f~) be a bipolar fuzzy G-subalgebra in X. Then, for all 
xe X, ft(O«2x) > ft(x) and f-(0*2) < f(a). 
Proof. For x € X, we have ft(0*x) > ft(x) as ft (0*«x) > min{ ft (0), ft (x)} = min{ ft (a « 
x), ft(x)} > min{min{ ft (x), fr (x)}, ft (x)} = ft (2). It can be shown that f~ (O«x) < f(z) 


similarly. 


Next we show that the intersection of two bipolar fuzzy G-subalgebras is a bipolar fuzzy 


G-subalgebra. 
Theorem 3.10 Let fi = (fi, f,) and fo = (fx, fo) be two bipolar fuzzy G-subalgebras 
in a G-algebra X. Then fi 0 fe is a bipolar fuzzy G-subalgebra in X. 


Proof. Suppose that f; and f2 are bipolar fuzzy G-subalgebras in X and let x and y € fi fe. 
Then z,y € f; and z,y € fa. We have f,N fo = (fi Aft, f7 M fy) where 


fPAFy = min{ fi (a *y), fy (e*y)} 
> min{min{ f(x), ff (y)},min{ fy (x), fy (y)}} 
= min{min{f/ (2), fy («)},min{ f(y), f2 (y)}} 
= min fh fi («), AO fe (yh 


fr Ofg = max{fy (*y), fo (w*y)t 
< max{max{fy (7), fr (y)},max{ fy (x), fo (y)}} 
= max{max{ fy (7), fy (7)},max{fy (y), fo (y)}} 
= max{f, fy (2), A, fo (y)}- 
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The union of two bipolar fuzzy G-subalgebras need not be a bipolar fuzzy G-subalgebra 
as shown in the next example. 

Example 3.11 Consider the G-algebra X where X = {0,1,2,3,4,5,6,7} with Cayley 
Table 2. Let fi = (fi, fi) and fo = (fs, fo) be bipolar fuzzy sets in X where fit, fr, fe and 
fs are defined as follows: 


0.74, 2x € {0,1,2,3}; 


{ («) = 
0.52, otherwise, 
- —0.57, « € {0,3}; 
fi (2) = : 
—0.11, otherwise. 
+(2) = 0.84, « € {0,4}; 
0.30, otherwise, 
7 —0.30, « € {0,1,2,3}; 
fz (2) = 


—0.20, otherwise. 


Using Theorem 38.5, we know that fy and fz are bipolar fuzzy G-subalgebras. We have 
fi U ft (3 * 4) = max{ fi (3 * 4), ft (3 * 4)} = max{f*(7), fo (7)} = max{0.52, 0.30} = 0.52 
whereas min{ f;* U f (3), ff U fo (4)} = min{0.74, 0.84} = 0.74 and hence fi U ff (3 * 4) = 
0.52 % 0.74 = min{ f* U fo (3), fi) U fa (4)}. This proves that the union of two bipolar fuzzy 
G-subalgebras need not be a bipolar fuzzy G-subalgebra. 


84. Bipolar fuzzy ideal 


In this section we introduce the bipolar fuzzy ideal and study some of its properties then 
we investigate the relation between bipolar fuzzy G-subalgebra and Bipolar fuzzy ideal/closed 
ideal. 

Definition 4.1 A subset I of a G-algebra X is called an ideal of X if: 


(1) OeT, 
(2) axyel andy €!I implies x eI. 


An ideal I is said to be a closed ideal of X if x € I implies 0 *a € I. 
Definition 4.2 A bipolar fuzzy set f = (ft, f~) in a G-algebra X is called a bipolar fuzzy 
ideal of X if: 


(1) f*(0) > f*(a) and f-(0) < f(a), 
(2) ft (a) 2 min{f*(x*y), f(y}, 
(3) f-(@) S max{ fo (a *y), f(y). 
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Definition 4.3 A bipolar fuzzy set f = (ft, f~) in a G-algebra X is called a bipolar fuzzy 
closed ideal of X if: 


(1) ft(O*xx) > f*(a) and f-(O*x) < f-(2), 
(2) ft (a) 2 min{f*(x*y), fF (y)}, 
(3) f-(@) S max{ f(a *y), f(y). 


Proposition 4.4 Let f =(f*,f—) be a bipolar fuzzy ideal of a G-algebra X. If x xy =0 
then f*(x) = f(y) and f-(x) < f-(y). 


Proof. The proof is direct. 


Theorem 4.5 Every bipolar fuzzy ideal of a G-algebra X is a bipolar fuzzy G-subalgebra 
of X. 


Proof. Let f = (f*,f7) be a bipolar fuzzy ideal of a G-algebra X. As x * (x xy) xy = 0 
then from Proposition 4.4, ft (a * (x * y)) > ft(y) and f7 (a * (x * y)) < f7(y). Hence, using 
Definition 4.2, ft (ex (exy)) > ft(y) > min{ f+ (ws (x+y)*y), f(y} = min{ +0), f+(y)} = 
min{ f*(2), f*(y)}. We also have f(a * (xy) < fr(y) < max{ f-(x « (w*y) #y), Fy} = 
max{f~ (0), f- (y)} < max{f7 (a), f~(y)}. Therefore f is a bipolar fuzzy G-subalgebra. 


Proposition 4.6 Every bipolar fuzzy G-subalgebra satisfying f* (x) > min{ ft (axy), ft (y)} 
and f~(x) < max{f~ (a * y), f~ (y)} is a bipolar fuzzy closed ideal. 


Proof. Direct to prove. 


Theorem 4.7 Let f = (ft, f~) be a bipolar fuzzy G-subalgebra of a medial G-algebra X 
such that for x,y € X, ft(y*xa) > ft(x*y) and f-(y*x) > f-(a* y) then f is a bipolar 
fuzzy closed ideal of X. 


Proof. As x = x*0 we have ft (x) = ft(x*«0) > ft(O*xx) > ft((yxy)*x) > ft ((y*a) xy) as 
X is medial. Then ft((y* x) *y) > minf ft(y*x), fT (y)} > minf ft (2 «y), fr (y)}. Similarly 
f- (a) < max{f7(a *« y), f~(y)}. Hence with Proposition 3.9, f is a bipolar fuzzy closed ideal 
of X. 
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§1. Introduction and preliminaries 


In general topology, the arbitrary intersection of open sets is not open and the arbitrary 
union of closed sets is not closed. These properties motivated Maki [9] to introduce the concepts 
of A-sets and V-sets in topological spaces. Several topologists like Miguel Caldas Cueva, Saeid 
Jafari, Govindappa Navalagi, Erdal Ekici, Noiri, Baker, Moshokoa and Julian Dontchev [3-7] 
have contributed more articles on the above sets. 

Recently, In 2008, Erdal Ekici [8] introduced a new class of generalized open sets called 
e-open sets into the field of topology. This class is a subset of the class of semipreopen sets [2]. 
In this paper to introduce the concept of A,--sets (resp. V--sets) which is the intersection of 
e-open (resp. the union of e-closed) sets. We also investigate the notions of generalized /A.-sets 
and generalized V.-sets in a topological space (X, 7). Moreover, we present a new topology 
re on (X,7) by utilizing the notions of A,-sets and V,-sets. In this connection, we examine 
some of the properties of this new topology. 

Throughout the present paper, the spaces X and Y mean topological spaces. For a subset 
A of aspace X, Cl(A) and Int(A) represent the closure of A and the interior of A, respectively. 
A subset A of a space X is said to be regular open (regular closed) if A = Int(Cl(A)) (resp. 
A = Cl(Int(A))) [10]. The 6-interior of a subset A of X is the union of all regular open sets of 
X contained in A and it is denoted by Ints(A) [11]. A subset A is called d-open if A = Ints(A). 
The complement of a 6-open set is called d-closed. The 6-closure of a set A in a space (X, T) 
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is defined by {x € X : AN Int(Cl(B)) 4 ¢, B © randz € B} and it is denoted by Cls(A). A 
subset A of a space (X, 7) is called e-open [8] if A C ClInts(A))UIntCl;(A)) and e-closed [8] if 
Clints(A)) N IntCls(A)) C A. The e-closure of a set A, denoted by eCl(A), is the intersection 
of all e-closed sets containing A. The e-interior of a set A denoted by eInt(A), is the union of 
all e-open sets contained in A. 

The family of all e-open (resp. e-closed) sets in (X,7) will be denoted by eO(X,7T) (resp. 
eC(X,7T)). 

Proposition 1.1. [8] 


(1) The union of any family of e-open sets is e-open. 
(2) The intersection of an open and an e-open set is an e-open set. 


Lemma 1.1. /8] The e-closure eCl(A) is the set of alla € X such that ON AF ¢ for 
every O € eO(X, x), where eO(X, x) = {U | x € U, U € eO(X, T)}. 

Definition 1.1. /9] Let X be a space and AC X. Then AY =({F: F CA and F is 
closed } and AX =(\{U: ACU and U is open }. Moreover, A is said to be V-set if A= AY 
and A is said to be A-set if A= A”. 


§2. /,.-sets and \V,-sets 


Definition 2.1. Let A be a subset of a topological space (X, 7). We define the subsets 
A’: and AY¢ as follows: 


A*®’e =(){O\ OD A, O€ eO(X, T)} and AY°e =U{F \ FCA, F°€ eO(X, 7)}. 


Proposition 2.1. Let A, B and {B, : \ € QO} be subsets of a topological space (X, T). 
Then the following properties are valid: 


(i) oY* = 6 and ¢ = 6. 
(ii) XYe =X and X’** =X. 
(iti) BC BY. 
(iv) If AC B, then A%: C BYe and AYe C BYe. 
(vu) BY® CB. 
(vi) (B%:)*%e = BYe and (BY*)¥e = BYe. 
Ne 
(ii) | U Ba] = UB. 
AED AED 
(viii) If A€ eO(X, 7), then A= A”. 
(ix) (BY) = (BY*)°. 


(x) If Be eC(X, 7), then B= BYe. 
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EQ EQ 
Ve 
ci) |U Ba) 2 U BY 
rEN EQ 
(xitt) BYe C BY and BY’ D B*. 


Proof. The proofs of (i), (ii), (iii) and (v) are clear by Definition 2.1. 
(iv) Suppose that x ¢ B’«. Then there exists a subset O € eO(X, 7) such that O D> B 
with x ¢ O. Since B D A, thus x ¢ A’* and thus A%« C B”<. Similarly AYe C BY. 


(vi) Follows from (iii), (v) and Definition 2.1. 


Ne 
(vii) Suppose that there exists a point x such that x ¢ | U B| . Then, there exists a 
EQ 


subset O € eO(X, rT) such that Uy By C O and x ¢ O. Thus, for each A € 1 we have x ¢ BY. 
EQ 


This implies that ¢ ¢ U BY. 
EN 
Conversely, suppose that there exists a point x € X such that « ¢ U Boe, Then by 
Definition 2.1, there exists subsets O, € eO(X, 7) (for each A € 2) such sak x re Ox, By C Ox. 
Let O= (L Oy. Then we have that x ¢ U Ox, U By CO and O€ eO(X, 7). This 
EN NEL EQ 


Ne 

implies that « ¢ | U B| . Thus the proof of (vii) is complete. 
EQ 

(viii) By Definition 2.1 and since A € eO(X, 7), we have Ae C A. By (iii), we have that 


Ave = A. 
(ix) (BY) =(){ F*/F¢ D B*, Fe € eO(X, 7)} = (BS) 


(x) If B € eC(X, 7), then B® € eO(X, 7). By (vii) and (viii), BS = (B°)* = (BY*)¢. 
Hence B = BYe. 


(xi) Suppose that there exists a point x such that x ¢ (| B)°. Then, there exists \ € 2 
AED 
such that x ¢ BY. Hence there exists O € eO(X, T) such that O D By and « ¢ O. Thus 
A 


Ne e 

x By|  . This implies that By € Bx. Similarly, we can easily prove that 

r 
AEQ AED AEQ 


in as) eee 


AED AED 


wo [yay | 


I 
> —— 
=) 
Cc 
v< ~ 
=, 
ie) 
ee 
ie} 


(By (viii) and (xi)). 


ll 
Cc 
+o) 
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(xiii) Follows from Definition 1.1 and Definition 2.1. 


Definition 2.2. In a topological space (X, 7), a subset B is a Ac-set (resp. V--set of 
(X, 7)), if B= BY (resp. B = BYe). By Ac (resp. Ve), we denote the family of all Ae-sets 
(resp. Ve-sets) of (X, T). 

Remark 2.1. By Proposition 2.1 (vii) and (x), we have that : 


(i) If B € eO(X, 7), then B is a A--set. 
(it) If B € eC(X, 7), then B is a V_-set. 


The converses of the above Remark 2.1 need not be true as shown by the following examples. 
Example 2.1. Let X = {a, b, c} andr ={X, ¢, {a}, {b}, {a,b}}, then 

(i) {a, b} is a Ae-set in (X, 7) but it is not eO(X, 7). 

(ti) {c} is a V_-set in (X, 7) but it is not eC(X, T). 

Theorem 2.1. 


(i) The subsets @ and X are Ae-sets and Ve-sets. 

(it) Every union of A.-sets (resp.V--sets) is a Ae-sets (resp.Ve-sets). 
(iit) Every intersection of \e-sets (resp. Ve-sets) is a Ae-sets (resp. Ve-sets). 
(iv) A subset B is a A_-set if and only if BS is aV.-set. 


Proof. (i) and (iv) are obvious. 
(ii) Let {By : A € Q} be a family of A--sets in a topological space (X, 7). Then by 
Definition 2.2 and Propostion 2.1(wvii), 


iB ayies 


rAEQD. AED AED 


(iii) Let {B, : A € Q} be a family of A.-sets in (X, 7). Then by Proposition 2.1 (xi) and 


Definition 2.2, 
ers 2 (i ee3 (2x 


EQ EQ EQ 
Hence by Proposition 2.1 (iii), 1) By =[ (1) Bal’. 
Na) EQ 


Remark 2.2 By Theorem 2.1, Ac (resp. Ve) is a topology on X containing all e-open 
(resp. e-closed) sets. Clearly (X, Ac) and (X, Ve) are Alexandroff spaces [1], i.e, arbitrary 
intersections of open sets are open. 

Definition 2.3. A topological space (X, T) is said to be e-T, if for each pair of distinct 
points x and y of X, there exists a e-open set Uz containing x but not y and an e-open set 
U, containing y but not x. It is obvious that (X, 7) is e-T, if and only if for each x € X, the 
singleton {x} is e-closed. 


Theorem 2.2. For a topological space (X, 7), the following properties are equivalent: 


(i) (X, 7) ts e-Ty. 
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(ii) Every subset of X is a Ae-set. 
(iit) Every subset of X is a V_-set. 


Proof. It is obvious that (ii) = (iii). 

(i) => (iii) : Let A be any subset of X. Since A = U{ {x} | x € A}, A is the union of 
e-closed sets, hence a V--set. 

(iii) => (i) : Since by (iii), we have that every singleton is a union of e-closed sets, i.e. it is 


e-closed, then (X, 7) is a e-T, space. 


§3. g/.--sets and g\V,-sets 


In this section, by using the A,-operator and V,-operator, we introduce the classes of 
generalized A.-sets (= gA--sets) and generalized V.-sets (= gV--sets) as an analogy of the sets 
introduced by Maki [9]. 

Definition 3.1. In a topological space (X, T), a subset B is called a g\--set of (X, T) 
if BX: C F whenever B C F and F is e-closed. 

Definition 3.2. In a topological space (X, 7), a subset B is called a gV--set of (X, T) 
if Bo is a gA--set of (X, T). 

Remark 3.1. We shall see, however, that we obtain nothing new according to the 
following results. 

Proposition 3.1. For a subset B of a topological space (X, 7), the following properties 
hold: 


i) B is a g)--set if and only if B is a A--set. 
g y 

ii) Bis a gV--set if and only if B is a Ve-set. 
g y 


Proof. (i) Every A.-set is g\e-set. Now, let B be a gA,-set. Suppose that 2 € B’«\B. Since 
for each « € X, the singleton {x} is e-open or e-closed. If {x} is e-open, then X\{2} is e-closed. 
Since B C X\{x}, we have B’« C X\{x} which is a contradiction. If {x} is e-closed, X\{x} 
is e-open and B c X\{x}. Therefore, we have B’« c X\{x}. This is a contradiction. Hence 
B’« = Band Bisa /A,-set. 

(ii) This is proved in a similar way. 


84. The associated topology r“° 


In this section, we define a closure operator C’« and the associated topology 7’< on the 
topological space (X, 7) by using the family of A,-sets. 
Definition 4.1. For any subset B of a topological space (X, T), define 


C’(B)=(YU : BCU, UEAe} and IntY*(B)=U{F : BDU, Fev-}. 
Proposition 4.1. For any subset B of a topological space (X, T), 


(a) BC C*(B). 


Vol. 13 On /A-.-sets and its Generalizations 77 


(b) C%(B°) = (IntY*(B))°*. 
(c) C**(6) = 9. 


(d) Let {By :X€ QO} be a family of (X, 7). Then J C%(By) =C*%e( U By). 
EQ NE 


(e) O%-(C%(B)) = C%(B). 

(f) If AC B, then C%(A) C C%(B). 
(9) If B is a Ae-set, then C(B) = B. 
(h) If B is a\Ve-set, then Int’(B) = B. 


Proof. (a), (b) and (c): Clear. 
(d) Suppose that there exists a point x such that x ¢ C’«( U By). Then, there exists a 


subset U € A- such that U By CU and x €¢ U. Thus, for each ee € Q we have x ¢ C%e(By). 


This implies that x ¢ U fas (By). 
EQ 
Conversely, we suppose that there exists a point x € X such that x ¢ LJ) C%°(By). Then, 
rEQ 


there exists subsets U, € A. for all A € 2, such that x ¢ Uy, By C Uy. Let U = U Uy. 
rAEQ 
From this and Proposition 2.1(vi), we have that ¢ ¢ U, U By C U and U € ”. Thus, 


EQ 
at € O%( U By). 

(e) Sunpose that there exists a point « € X such that « ¢ C’«(B). Then, there exists a 
subset U € A. such that x ¢ U and U D B. Since U € A, we have C’«(B) C U. Thus, we 
have x ¢€ C’«(C*%e(B)). Therefore C%-(C%«(B)) C C“«(B). The converse containment relation 
is clear by (a). 

(f) Clear. 

(g) By (a) and Definition 4.1, the proof is clear. 

(h) By Definitin 4.1, (g) and (b) hold. 


Then we have the following. 

Theorem 4.1. C’< is a Kuratowski closure operator on X. 

Definition 4.2. Let r’*« be the topology on X generated by Cs in the usual manner, 
ie.,7< ={B: BC X, C’(B°) = B*}. We define a family p*« by p’« ={B : BCX, 
C’«(B) = B}. 

By Definition 4.2, p’° ={B: BCX, Boers}. 

Proposition 4.2. Let (X, rT) be a topological space. Then, 


(q)-7 =A Be CX, Ine (Bb) = Bh. 
(b) re = ph 
(6). Vea as: 


(d) If eC(X, rT) =7"°, then every Ae-set of (X, 7) is e-open (i. e., EO(X, T) = Ae). 
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(e) If every Ae-set of (X, 7) is e-open (i.e., Ne C eO(X, 7)), then r*e ={B: BCX, B= 
Beh 


(f) If every Ae-set of (X, T) is e-closed (i.e., Ne C eC(X, T)), then eO(X, Tr) =7"°. 


Proof. (a) By Definition 4.2 and Proposition 4.1, if A C X then A € 7° if and only if 
C*e(A°) = AS‘, if and only if (IntYe(A))° = A®, if and only if IntYe(A) = A if and only if 
Aé€{B: BCX, Int’«(B) = B}. 

(b) Let B be a subset of X. By Proposition 2.1 (viii), eO(X, 7) C Ae and 


C*(B)=(KU| BCU, VE A} Cf \{U| BCU, U € eO(X, r)} = BY”. 


Therefore, we have C’«(B) C B’*. Now suppose that x ¢ C’«(B). There exists U € A¢ such 
that BCU and « ¢ U. Since U € Ac, U =U*" =(\{V | U CV € eO(X, 7)} and hence there 
exists V € eO(X, 7) such that U CV anda ¢V. Thusxz ¢ V and BC V € eO(X, rT). This 
shows that « ¢ B’e. Therefore, B’e C C’e(B) and hence B’e = C’«(B), for any subset B of 
X. By the definitions of A, and p**, we obtain A. = p<. 

(c) Let B € r*e. Then C’°(B°) = B® and BS € p*e. By (b) B° € Ae and BS = (B°)’<. 
Therefore, by Proposition 2.1 (ix), BS = (BY°)* and B = BYe. This shows that B € Ve. 
Consequently, we obtain r“« C V.. Quite similary, we obtain T’« D V. and hence V. = 7”. 

(d) Let B be any /--set. ie., B € Ac. By (b), B € p* thus, B® € r’°. From the 
assumption, we have, B° € eC'(X, 7) and hence B € eO(X, 7). 

(e) Let AC X and A € 7°. Then by Definitions 4.1 and 4.2, 

Ac = Ce (A°) 
=(({U : UDASUEA.} 
=(W{U : UD AS,U € eO(X, 7)} 
= (A, 

Using Proposition 2.1 (ix), we have A= AYe.i.e, AE {B:BCX,B=BY*}. 

Conversely, if AE {B : BC X,B = BY«} then by Proposition 3.1 (ii), A is a gV<-set. 
Thus A € V.. By using (c), AE 7”. 

(f) Let AC X and Ae€ 7s. Then 


A= (C(A*))° = (( YU : A® CU, U € Ach) = {US US C ALU € Ach. 


Conversely, if A € eO(X,7), then by (b), A € A.. By assumption, A € eC(X, 7). By using 
(c), AE Tr”. 


Proposition 4.3. If eO(X, 7) =7T"«, then (X, 7°) is a discrete space. 


Proof. Suppose that {x} is not e-open in (X, 7). Then {x} is e-closed in (X, 7). Thus {x} € 7“ 
by Proposition 4.2 (c). Suppose that {a} is e-open in (X, 7), then {x} € eO(X, 7) = 7”. 
Therefore, every singleton {x} is r’°-open and hence every subset of X is T*-open. 


Conclusion: The concepts of A,--sets and V,-sets are used to characterize the e-closed 
and e-open sets. Also the basic operators namely C’« and IntY« operators are studied using 
the above sets. 
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81. Introduction 


Sostak [11] introduced the notion of fuzzy topology as an extension of Chang [2] and 
Lowen’s [8] fuzzy topology. Later on he has developed the theory of fuzzy topological spaces 
in [12] and [13]. Popa [9] introduced the notion of rarely continuity as a generalization of weak 
continuity [6] which has been further investigated by Long and Herrington [7] and Jafari [4,5]. 
Recently Vadivel and Elavarasan [16] introduced the concept of r-fuzzy regular semi open and 
fuzzy regular semi continuous functions in fuzzy topological spaces in the sense of Sostak’s. In 
this paper, we introduce the concepts of rarely fuzzy regular semi continuous functions in the 
sense of Sostak’s [11] is introduced. Some interesting properties and characterizations of them 
are investigated. Also, some applications to fuzzy compact spaces are established. 


§2. Preliminaries 


Throughout this paper, let X be a nonempty set, J = [0, 1] and Jy = (0, 1]. For 
A € IX, Naw) = d for all x € X. For « € X and t € In, a fuzzy point x is defined by 


t ify=2 
ily) = - Let Pt(X) be the family of all fuzzy points in X. A fuzzy point x, € 


0 ifyfAu. 
iff t < A(a#). All other notations and definitions are standard, for all in the fuzzy set theory. 
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Definition 2.1. /11] A function r: IX + I is called a fuzzy topology on X if it satisfies 
the following conditions: 


(O01) r(0) =7(1) =1, 
(O02) tT Vier Hi) = Ager (us), for any {usher C I*, 
(O03) T(H1 A fa) > T(H1) AT(H2), for any pi, fo €I*. 


The pair (X, 7) is called a fuzzy topological space (for short, fts ). A fuzzy set is called an 
r-fuzzy open (r-fo, for short) if T(A) > r. A fuzzy set r is called an r-fuzzy closed (r-fc, for 
short) set iff 1 — is an r-fo set. 

Theorem 2.1. [3] Let (X,T) be a fts. Then for each X € I* andr € Ip, we define an 
operator C, : I* x Ig > I* as follows: C,(A, r) = A{we I* : AX <p, T1—p) > r}. For 
A, wEL* andr,s € Ip, the operator C, satisfies the following statements: 


(C1) C,-(0,r) =0, 

(C2) X<C,(A, 7), 

(C3) C-(A, r) VCr(H, 7) = CAV p, 1), 
(C4) C,(A, r) S$ C,(A, 8) ifr<s, 

(C5) C,(C,(A, r), 7) =C,(A, 1). 


Theorem 2.2. [3] Let (X,7) be a fts. Then for each X € IX andr € Io, we define 
an operator I, : IX x Ip > I* as follows: I,(\, r) = VW{u € I* su <X, t(u) > r}. For 
A, we l* andr,s € Ip, the operator I, satisfies the following statements: 


(11) I,-(1,r) = 1, 

(12) T-(A, r) SA, 

(18) T(r. tr) ATely 1) = Ee(AA Hs, 1), 

ADT, Her Gees, 

(15) 1,(-(4, r), r)=1,(A, 1). 

(16) 1,4 —A,r) =1—C,(,,r) and C,(1— A,r) =1—1,(A, r) 
Definition 2.2. /10] Let (X, 7) be a fts, \€ I* andr € Ip. Then 

(1) a fuzzy set A is called r-fuzzy regular open (for short, r-fro) if X= I,(C;(A,r),1r). 

(2) a fuzzy set » is called r-fuzzy regular closed (for short, r-frc) if X = C,(I,(A,r),r). 
Definition 2.3. /16] Let (X, 7) be a fts and \ € I*, r € Ip. Then 

(1) X is called r-fuzzy regular semi open (for short, r-frso) if there exists r-fro set  € IX and 


WSASC,(u,7). 
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(2) X is called r-fuzzy regular semi closed (for short, r-frsc) if there exists r-fre set  € I* 
and I,(u,r) <A <p. 


(3) The r-fuzzy regular semi interior of A, denoted by RSI,(A,r), is defined by RSI,(A,r) = 
Viu €I* | wa, p is r-frso }. 


(4) The r-fuzzy regular semi closure of A, denoted by RSC,(A,r) is defined by RSC,(A,r) = 
A{ue I* | p>, pw is r-frsc }. 


Definition 2.4. /15] Let f : (X, 7) > (Y, oc) be a function and r € Ip. Then f is called 
fuzzy regular continuous if f~'(A) is r-fro set in I* for each X € IY with o(A\) >r. 

Definition 2.5. /16] Let (X, 7) and (Y, 1) be fts’s. Let f: X + Y be a mapping. Then 
f ws said to be: 


(1) fuzzy regular semi irresolute (resp. fuzzy regular semi continuous) iff f~'() is r-frso for 
each r-frso set wEI* (resp. wE TY, n(p) > 1). 


(2) fuzzy regular semi irresolute open (resp. fuzzy regular semi open) iff f(A) is r-frso in Y 
for each r-frso set XE I* (resp. XE I*, r(A) > 1). 


(3) fuzzy regular semi irresolute closed (resp. fuzzy regular semi closed) iff f(A) is r-frsc in 
Y for each r-frsc set \€ I* (resp. XE IX, r(1—) > 1). 


(4) fuzzy regular semi irresolute homeomorphism iff f is bijective, f and f—' are fuzzy regular 


semi trresolute. 


Definition 2.6. [1] Let (X,r) be a fts andr € Ip. For \ € I*, 2 is called an r-fuzzy rare 
set if L(A, 7) = 0. 

Definition 2.7. /1] Let (X, 7) and (Y, ) be a fts’s. Let f : (X, T) > (Y, ) be a 
function. Then f is called 


(1) weakly continuous if for each uy € IY, where o(m) >r, 7 € Io, f'(u) < I (f71(Co(u,r)), 7). 


(2) rarely continuous if for each uw € IY, where o() > 1, r € Ip, there exists an r-fuzzy rare 
set € IY with w+C,(A,r) >1 and p € IX, where t(p) >r such that f(p) < VX. 


Proposition 2.1. /1] Let (X, rT) and (Y, co) be any two fts’s, r € Ip and f : (X, T) > 


(Y, o) is fuzzy open and one-to-one, then f preserves r-fuzzy rare sets. 


§3. Rarely fuzzy regular semi continuous functions 


Definition 3.1. Let (X, 7) and (Y, a) be a fts’s, and f : (X, T) > (Y, 7) be a function. 
Then f is called 


(1) rarely fuzzy regular continuous [14] if for each  € IY, where o() > 7r, r € Ip, there 
exists an r-fuzzy rare set € IY with w+ C,(d,r) > 1 and ar-fro set p € I* such that 


f(p) < pV 2. 


82 


Vol. 13 On rarely fuzzy regular semi continuous functions in fuzzy topological spaces 83 


(2) rarely fuzzy regular semi continuous if for each  € IX, where o(u) > 7, r € Ip, there 
exists an r-fuzzy rare set X € IY with w+C,(A,r) > 1 and an r-frso set p € IX, such 
that f(p) < pV. 


Remark 3.1. 
(1) Every weakly continuous function is rarely continuous [1] but converse need not be true. 


(2) Every fuzzy regular continuous function is fuzzy regular semi continuous but converse need 


not be true. 


(3) Every rarely fuzzy regular continuous function is rarely fuzzy regular semi continuous but 


converse need not be true. 


(4) Every fuzzy regular semi continuous function is rarely fuzzy regular semi continuous but 


converse need not be true. 


(5) Every rarely fuzzy regular continuous function is rarely continuous but converse need not 


be true. 


From the above definition and remarks it is not difficult to conclude that the following 
diagram of implications is true. 


weakly continuous —— rarely continuous ~<¢—rarely fr-continuous 


Y 


ft-continuous 9——frs-continuous —— rarely frs-continuous 
Diagram - I 


Example 3.1. Let X = {a,b,c =Y, p,5 €I*,X EI” with r € Ip are defined as \(a) = 
0.5, A(b) = 0.5, A(c) = 0.6; pu(a) = 0.4, w(b) = 0.5, u(c) = 0.6; d(a) = 0.4, 6(b) = 0.5, d(c) = 0.4. 
We define smooth topologies t,0 : IX + I as follows: 


1 ifX € {0,1}, ae 
i as W045 1 ifr {0,T}, 
1 ifA=yp, 

T(A) = : > : o(A)=42 ifrA=d, 
1 ifrA=, 
. 0 otherwise. 
0 otherwise. 


Forr = 7 then the function f is fuzzy regular semi continuous but not fuzzy regular continuous. 
Since the fuzzy set \ is r-fo set in Y, f—*(A) is r-frso set, because there exists a r-fro set 1 € I* 
such that u< XA<C,(p,7r). But X is not r-fro set. 

Example 3.2. Let X = {a,b,c} = Y. Define p, 6 € IX, \1 € IY as follows: y(a) = 
0.4, u(b) = 0.5, w(c) = 0.6; d(a) = 0.4, 6(b) = 0.5, O(c) = 0.4; Ar (a) = 0.8, A1(b) = 0.6, Ai(c) = 
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0.8. Define the fuzzy topologies T, o: IX — I as follows: 


1 wfA=0 orl, ae 
1 ifA=0 orl, 
5 Wf A=H, eo 
raya q? | o()=43 ifA=d, 
5 if r = é, : 
0 otherwise. 
0 otherwise, 


Letr =1/2. Let f : (X,7) — (Y,c) be defined by f(a) =a, f(b) =b, f(c) =c andr, € I” with 
o(A1) > 17, A2 € IY be an 1/2-fuzzy rare set defined by \2(a) = 0.6, A2(b) = 0.8, A2(c) = 0.8 
and ar-frso set \ € I* is defined by X(a) = 0.5, \(b) = 0.5, A(c) = 0.6, f(A) = (0.5, 0.5, 0.6) < 
Ai V Ag = (0.8, 0.8, 0.8). Then f is rarely fuzzy regular semi continuous but not rarely fuzzy 
regular continuous, because \ € I* is not r-fro set. 

Example 3.3. In Example 8.2, f is fuzzy rarely continuous but not rarely fuzzy regular 
continuous. Since \y € I with o(A,) > 1r, Ax € IY be an 1/2-fuzzy rare set defined by 
A2(a) = 0.6, A2(b) = 0.8, A2(c) = 0.8 and ar-fo set uw with T(u) > 7, f(w) = (0.4, 0.5, 0.6) < 
Ai V XA2 = (0.8, 0.8, 0.8) and also r-fo set 5 with r(6) >r, f(d) = (0.4, 0.5, 0.4) < Ar V Ag = 
(0.8, 0.8, 0.8). 

Example 3.4. In Example 3.2, f is rarely fuzzy regular semi continuous but not fuzzy 
regular semi continuous. Since \y € IY with o(\1) > r, there exist a r-fro set 1p € I* such that 
WAL £C,(u,r), fo'(A1) is not r-fuzzy regular semiopen set in X. 

Definition 3.2. Let (X, 7) and (Y, a) be a fts’s, and f : (X, T) > (Y, 7) be a function. 
Then f is called weakly fuzzy regular semi continuous if for each r-frso set uw € IX, r € Ih, 
Fu) < Ee(f-"(Col4s,7)),7). 

Definition 3.3. A fis (X,7) is said to be fuzzy RST,/2-space if every r-frso set X € 
I*, r € Ip is r-fro set. 

Theorem 3.1. Let (X, 7) and (Y, co) be any two fuzzy topological spaces. If f : (X, T) > 
(Y, o) is both fuzzy regular semi open, fuzzy regular semi irresolute and (X, 7) is fuzzy RST; 2 


space, then it is weakly fuzzy regular semi continuous. 


Proof. Let X € I*,r € Ip with T(A) < r. Since f is fuzzy regular semi open f(A) € I” 
is r-frso. Also, since f is fuzzy regular semi irresolute, f~'(f(A)) € I* is r-frso set. Since 
(X, 7) is fuzzy RST,/2 space, every r-frso set is r-fro set and also every r-fro set is r-fo set, 
now, T(f~!(f(A))) > r. Consider f~1(f(A)) < f71(Co(f (A), r)) from which I, (f-1(f(A)), 7) < 


L(f~*(Co(f(A),7)),7)- Since 7(F~"(F(A))) 2 7, FFA) S Le (F-*(Co(F),7)),7)- Thus f 


is weakly fuzzy regular semi continuous. 


Definition 3.4. Let (X,7) be a fts. A FRS-open cover of (X,7T) is the collection 
{Ai € I*, A; is r-frso, i € J} such that V0, 44 = I. 

Definition 3.5. A fts (X,7) is said to be FRS-compact space if every FRS-open cover 
of (X,7) has a finite sub cover. 

Definition 3.6. A fts (X,7) is said to be rarely FRS-almost compact if every F RS-open 
cover {\; € IX, 2; is r-frso, i € J} of (X,7), there exists a finite subset Jo of J such that 
Vies NV pi = 1 where pj € I* are r-fuzzy rare sets. 
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Theorem 3.2. Let (X, T) and (Y, o) be any two fts’s, r € Ip and f : (X, T) > (Y, o) 
be rarely fuzzy regular semi continuous. If (X, 7) is FRS-compact then (Y, o) is rarely FRS- 


almost compact. 


Proof. Let {\; € IY, i € J} be FRS-open cover of (Y,c). Then IT = ViczA;. Since f 
is rarely fuzzy regular semi continuous, there exists an r-fuzzy rare sets p; € I’ such that 
i + Co(pi,7) > I and an r-frso set 4; € I* such that f(u,) < 4 V pj. Since (X,T) is FRS- 
compact, every F'RS-open cover of (X,7) has a finite sub cover. Thus I < Viey,pi. Hence 
T= f(1) = f(Viesui) = Vier f (ui) < Vier Ai V pi. Therefore (Y,c) is rarely F RS-almost 


compact. 


Theorem 3.3. Let (X, T) and (Y, o) be any two fts’s, r € Ip and f : (X, T) > (Y, o) 
be rarely fuzzy regular continuous. If (X, 7) is FRS-compact then (Y, o) is rarely FRS-almost 


compact. 


Proof. Since every rarely fuzzy regular continuous function is rarely fuzzy regular semi contin- 


uous, then proof follows immediately from the Theorem 3.2.. 


Theorem 3.4. Let (X, 7), (Y, a) and (Z, ) be any fts’s, r € Ip. If f : (X, 7) > (Y, o) 
be rarely fuzzy regular semi continuous, fuzzy regular semi open and g : (Y, 7) > (Z, 7) is fuzzy 


open and one-to-one, then go f : (X, T) > (Z, 1) is rarely fuzzy regular semi continuous. 


Proof. Let \ € I* with r(\) > r. Since f is fuzzy regular semi open f(A) € IY with o(f(A)) > 
r. Since f is rarely fuzzy regular semi continuous, there exists an r-fuzzy rare set p € IY 
with f(A) + Co(p,r) > I and an r-frso set wp € I* such that f(u) < f(A) Vp. By the 
proposition 2.1., g(p) € I is also an r-fuzzy rare set. Since p € IY is such that p < ¥ for all 
7 € I* with o(y) > r, and g is injective, it follows that (go f)(A) + C,(g(p),r) > I. Then 
(9° f)(u) = 9(f(H)) < 9(FOA) Vp) S 9(F)) V 92) S (9° f(A) V o(p). Hence the result. 


Theorem 3.5. Let (X, 7), (Y, o) and (Z, ) be any fts’s, r € Ip. If f : (X, 7) 3 (Y, o) 
be fuzzy regular semi open, onto and g: (Y, 7) > (Z, 7) be a function such that gof :(X, T) > 


(Z, ) is rarely fuzzy regular semi continuous, then g is rarely fuzzy regular semi continuous. 


Proof. Let \ € IX and w € IY be such that f(A) = pw. Let (go f)(A) = 7 € I7 with n(y) > r. 
Since (go f) is fuzzy regular semi continuous, there exists a rare set p € I7 with y+C,(p,r) > 1 
and an r-frso set 6 € I* such that (gof)(5) < yVp. Since f is fuzzy regular semi open, f(5) € I” 
is an r-frso set. Thus there exists a r-fuzzy rare set p € 1% with y+ C,,(p,r) > 1 and an r-frso 


set f(5) € IY such that g(f(d)) <7 Vp. Hence g is rarely fuzzy regular semi continuous. 


Theorem 3.6. Let (X, 7) and (Y, o) be any two fuzzy topological spaces, r € Ip. If 
f :(X, 7) + (Y, @) is rarely fuzzy regular semi continuous and (X, 7) is fuzzy RST, 2-space, 


then f is rarely fr-continuous. 


Proof. The proof is trivial. 
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Definition 3.7. A fts (X,7) is said to be rarely FRS-T2-space if for each pair \, 4 € I* 
with \ # pw there exist r-frso sets pi, po € I* with p, # po and a r-fuzzy rare set y € I* with 
pi tC,(7,7r) >T1 and po +C,(y,7r) > 1 such that’ < pp Vy and w< po Vy. 

Theorem 3.7. Let (X, 7) and (Y, o) be any two fuzzy topological spaces, r € Ip. If 
f : (X, 7) > (Y, o) is fuzzy regular semi open and injective and (X, 7) is rarely FRS-T2 
space, then (Y, a) is also a rarely FRS-T> space. 


Proof. X,  € I* with X # pw. Since f is injective, f(A) 4 f(u). Since (X, 7) is rarely FRS- 
T-space, there exist r-frso sets p1, p2 € I* with p,; 4 p2 and a r-fuzzy rare set y € I* with 
pit Cr(y,r) > T and po + C,(7,r) > T such that A < py Vy and pp < po Vy. Since f is 
fuzzy regular semi open, f(p1), f(p2) € I” are r-frso sets with f(p1) 4 f(p2). Since f is fuzzy 
regular semi open and one-to-one, f(y) is also an r-fuzzy rare set with f(p1)+C,(y,r) > 1 and 
f(p2) + Co(7,7) > I such that f(A) < f(p1 Vy) and f(u) < f(p1 Vy). Thus (Y, o) is rarely 
F'RS-T>-space. 
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Abstract Let n > 1 be an integer. The integer d = [[}_, pr is called an exponential divisor 
of n = [Jj_, py", if b: | a: for every i € 1,2,---,s. Let 7) (n) denote the exponential divisor 
function. In this paper, we will study the mean value of exponential divisor function over 


square-full numbers, that is 


SP MP =P) fon), 


n<ax n<x 
n is square—full 


where f2(n) is the characteristic function of square-full integers, i.e. 


1, n is square-full, 
fa(n) = 


0, otherwise. 


Keywords Dirichlet convolution; Asympototic formula; Exponential divisor function. 


§1. Introduction 


Many scholars are interested in researching the divisor problem, and they have obtained a 
large number of good results. However, there are many problems hasn’t been solved. American- 
Romanian number theorist Florentin Smarandache [6] introduced hundreds of interesting se- 
quences and arithmetical functions. In 1991, he published a book named only problems, not solutions}, 
and one problem is that, a number n is called simple number if the product of its proper divisors 
is less than or equal to n. Generally speaking, n = p, or n = p”, or n = p®, or pq, where p and 
q are distinct primes. The properties of this simple number sequence hasn’t been studied yet. 
And other problems are introduced in this book, such as proper divisor products sequence and 
the largest exponent (of power p) which divides n, where p > 2 is an integer. 

In the definition of exponential divisor: suppose n > 1 is an integer, and n = ae p,’. If 
d= Tip satisfies b; | a;,¢ = 1,2,---,t, then d is called an exponential divisor of n, notation 
d|-n. By convention 1 |. 1. 
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J.Wu [4] improved the above result got the following result: 


S77 (x) + Br? + O(x? log a), 
where _ 
ie ‘ ys wads 2), 
a NG ee d(a — 1) is 2) +d(a 2), 


M.V.Subbarao [2] also proved for some positive integer r, 


where 


L.Toth [3] proved 
S> (7 (n))” = A,(a) + 2? Pyro (log x) + O(a""**), 
N<ux 
arti 
artiyy: 
Similarly to the generalization of d,(n) from d(n), we define the function 1 (n): 


1 (n = J a, ),k > 2, 


p;'|ln 


where Pr_2(t) is a polynomial of degree 2” — 2 in t, u, = 


Obviously when k = 2, that is r{©)(n). 7h) (n) is obviously a multiplicative function. In this 
paper we investigate the case k = 3, i.e. the properties of the function 78) (n). 

In this paper, we will study the asymptotic formula for the mean value of the function 
(r{° (n))? over square-full numbers. 

Theorem 1.1. We have the asymptotic formula 


S> — (7$(n))? = 2? Re (log a) + O(a +"), 


n is square—full 
where Rg(t) is a polynomial of degree 8 in t. 
Notation. Throughout this paper, ¢ always denotes a fixed but sufficiently small positive 
constant. 


§2. Some lemmas 


lemma 2.1. Let 
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then we have 


S-(7$9 (n))? = 9(28)G(s), 


n<ux 


where the infinite series G(s) = 7, an) is absolutely convergent for Rs > 3. 


Proof. By Euler’s product formula, we can get 


- ps : ps pts prs 
=T1( t oi oa + a = + ) a 
: ps | pss | pts "pbs 
9 


where the infinite series G(s) := >>, an) is absolutely convergent for Rs > 5. 


lemma2.2. Suppose k > 2 is an integer. Then 


k-1 
Dy(2) = So de(n) = 2 >— ¢j(logx)’ + O(a****), 
n<a j=0 


where c; is a calculable constant, € is a sufficiently small positive constant, a, 1s the infimum 


of numbers az, such that 


x(t) = Yo deln) ~ 2P (log) < 20*** (2) 
and 
2 131 43 
oe = 46" On 
3k —4 ie 
AkS Ak ry a aes 
S 35 y Al e 
Dene O10 A = T6) 
a < 2, 12<k < 25, 
k-1 
< <k< 
on < F, W<Sk< 50, 
31k — 98 
< 1<k< 
arn < 30h 5 < 57, 
Tk — 34 
< k> 
Ak S 7k 5 a 58 
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lemma2.3. Let 


then we have 


D(2,-++,2;2) = x? Py_; (log 2) + O(xe%T®), 
Sa 
k 


where, the definition of a, is as above. 


Proof. Recall that 


by hyperbolic summation formula, we have 


D(2,-- =D d2-+2 +,23n) = S- dy(m) 


ik n<a ae oes me<a 
from lemma 2.2, we can get 


D(2,-+-,2;n) = x? Py 1(log x) + O(a adh 
—~——— 


k 


where a, is as defined in lemma 2.2. 


lemma2.4. Suppose f(m),g(n) are arithmetical functions such that 


J 


S- f(m) =e (log x) + O(a aa | g(n xP), 


m<xz j=l n<u 


where a, > a2 >--- > az >a>B>0,P;(t) is a polynomial int, if h(n) =o, ema f(mg(d), 
then 


J 
Y= h(n) = S527 Q; (log x) + O(x), 


n<ux j=l 


where Q,(t) 7 =1,---,J ts a polynomial in t. 


§3. Proof of Theorem 1.1 


Proof. From lemma 2.1, we have G(s) = ~*~, 4 (™) ig absolutely convergent for Rs > 4 3» and 


n=1 né* 
then 
S- | g(n) |x at, 
n<u 
Let 
F(s) = ¢9(28) 
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where 


From lemma 2.3, we have 


F(n) = 9 d(2,---,2:n) = 24 Qa(log e) + O(wi¥***), 
x a "rego : 


where Qg(log x) is a polynomial in log of degree 8, a, is defined in lemma 2.2. From 


lemma 2.1, we have 


(76? (n))? fo(n) = S> f(m)g(D- 


n=ml 


From lemma 2.4, we complete the proof of Theorem 1.1. 
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Abstract We study the resonance phenomenon between divisor function and exponential 


functions of the form e(an®), where 0 4 a € Rand 0 < 6 < 1. An asymptotic formula is 


established for the nonlinear exponential sum 


Ss d(n)e(an*) 


nwX 
n=l mod q 


when 8 = 3 and |a| is close to 2VE ik EZt. 
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§1. Introduction and main results 


Let d(n) denote the number of divisors of n. The properties of divisor function d(n) attract 
many researchers’ interest, and they have got many generalization of the divisor problem ( for 
example, see [3], [4]). However, there are many problems hasn’t been solved. For example, 
F.Smarandache gave some unsolved problems in his book only problems, not solutions! ( see 
[5]). Here we focus our attention on the resonance between divisor function and exponential 
functions. 

In 1916, Hardy [6] studied the sum 


and showed that, if t ~ Arg'/? for any positive integer q, then 
S(X,t) = o( X*) 
and, if t = 4rq'/? for some integer q, then 


2(1 + i)d(q) 
on 


S(X,t) = X4 + 0(X*) 


as X — oo. The above result can be seen as the resonance phenomenon between divisor function 
and exponential functions. Recently, Sun and Wu [14] considered a similar problem and proved 
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when |a|BX? < vx , then 


YE d(nje(an*) « (|a|8X°)"1X log X, 


and when |a|@X° > vx , then 


Fulde « [26 — 1-2 (alBx?)**, if 845, 
ae = Ka,gn(a, q)X td(q)q-# + O (Jalbx its + jol-1x8+") , if Bal 
where Ka,q = 1 or 0 according to if there exists a positive integer q satisfying 
llel-2Va] <X-?, 1 <|al< VX, 

and 

nla, q) = Le sentot i) ec (sen(a) (Ja — 2/4) VuX) du 
In 1973, Sabur6é Uchiyama [16] are the sum 

U(a,X)=U(a,X,ql)= > n-Fd(nje(av¥n) (a>), 


1<n<X 
n=l( mod q) 


where q and / are integers with gq > 1,0 <1 < q, and showed that, ifa # awk for any integer 


k, then 
U(a, X) = O(log X), 


and ifa= 2vE for some integer k, then 


2(1 = i)o(k; a1) 


U(a, X 
(o,X) = SF 


X2 + O(log X), 


Ble 


provided that a > 4q°, where 


o(k;q,l) = S E misa) 
(k; 4,1) y (= q 
and S(m,n;q) denotes the Kloosterman sum. 

Motivated by the above results, we study the resonance phenomenon between divisor func- 
tion and exponential functions over arithmetic progressions. To do this, using a different method 
we establish an asymptotic formula when 6 = 3 and |a| is close to 2vk k € Z*, and obtain 
a new result when 8 4 5. Our main instruments are Voronoi formula, the estimation of ex- 
ponential sums and the weighted stationary phase. Due to the orthogonality of the additive 
characters, we can obtain the Kloosterman sum after applying the Voronoi summation formula, 
which let us can use Weil’s bound to get the saving in the q-aspect.Our result is the following 
theorem. 

Theorem 1.1. Suppose X >1,0<68<1landO0O #ae€ER. Suppose also l,q € N and 
l<q<X?. 

(i) For |a|BX® < vx, one has 


S- d(n ) « get (a xX*)~* X log X. 


nwX 
n=l mod q 
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(ii) For |alBX® > ¥¥ and Bp 4¢i 5, one has 
ste -3 p\ite 
- d(n ) & q?t*|28 — 1|-3 (jalex?)™. 


nnX 
n=l mod q 


(iti) For |al|BX® > a and B = $, ifla|< i or |a| > = one has 


de Alnje(an*) « (glal)?**°X4**, 
nwx 
n=l mod q 
ese less oe one has 
= 
d(n)e(an®) = Del (a, NK )k k- 2X 4d(ng)S(—l, —ng; kn; : 
n=l mod q 


+0 ((alal)#**x*¥*), 


where 


pa 
.) 
3 
= 
| 
Ss 
= 
nN 
Q 
can 
+ 
a 
aS 
5 
rs 
® 
Sa 
Nn 
lee} 
= 
cS 
oo 
2 
wo 
g 
> 
NY 
5 
ee 
Q 
&s 


I 


Ea 


and 6, =1 or 0 according to whether there is a positive integer n, for k|q satisfying 


|k|a| — 2./mg| < X72 


or not. 


§2. Some lemmas 


To prove Theorem 1.1, we need quote some lemmas. First, we introduce some notations. 
Let the Kloosterman sum be defined as 


eae 


Cc 
d mod c 


where the sum is extended over a reduced set of residues modulo c and d denotes the inverse 
of d modulo c. Then the famous Weil’s bound of Kloosterman sum gives 


|S(m,n;0)| < (m,n, e)?¢? d(c). 


Let K, and Y, denote the standard K-Bessel function and Y-Bessel function, respectively. 
Then we have the following Voronoi formula (see [7]). 
Lemma 2.1. Suppose that 0 <a <b, (h,k) =1, f(x) € C'[a,b], Then 


k So dite (=) = G+ Yo dln (-=) G4(n) + Yale (=) Gs(n), (2.1) 


a<n<b 
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where G3, Ga(y) and G's(y) are the following integral transforms: 


b 
G3 = / (log + 2y — 2logk) f(«x)dz, 


where Sonne means that if a or b is an integer then the first or the last term in the sum 
(1.1) is halved, and y is Euler’s constant. 
We need the following lemma for asymptotic expansions of the Bessel functions (see [1]). 
Lemma 2.2. Suppose that z > 0, Then 


Ko(z) = (ner {140 (2) }, (2.2) 


Yo(z) = = {sin (z =) 2 cos (z *) +O Ca), 3 (2.3) 


We also need the following result (see [15, Lemmas 4.3 and 4.5]). 

Lemma 2.3. Let G(x) and F(x) be real function in [a,b] with G(x)/F’(x) monotonic. 
Suppose that |G(a)| < M. 
(i) If F'(«) >u>0 or F’(x) < —u <0, then 


b 
/ G (a) e(F(ax))dt« = 


(ii) If F" (x) >v>0 or F" (a2) < -—u <0, then 
i ” Gln)e (F(a)) de « i 


§3. Proof of theorem 1.1 


In this section, we give the proof of Theorem 1.1. Using the formula of the Ramanujan 


sum 
d 
an q, @ | n, 
»~ d e(F)= 
d\q Caet 0, qd if n, 
we obtain 


YS anje(an’) == "e(-Z) . atnye (4) e(an®). (3.1) 


lpi k|q hmodk 


where the >* means the summation is restricted by (h, k) = 1. 
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Let A > 1 and 0 < d(x) < 1 be a C™ function supported on [1,2], which is identically 
1 on [1 + A~1,2— A~] and satisfies 6 (x) < A” for r < 0. Using the well-known bound 
Vince Un) K «log x, we have 


Se d(n)e (=) e(an®) = s diye (=) W(n) +0 & loz) (3.2) 


nwX n=1 


where 


KY dine (=) W(n) =G3+ Yale (-) Ga(n) + » d(n)e (=) Gs(n), (3.3) 


where 


Gs(y) = ife Ko (=") W (a) dz. 


Now, we estimate the contributions from these three terms G3,G4(n) and G5(n) to (3.1), 
respectively. First, we estimate the contribution from the term Gg. Changing variables x = Xt 
and applying (i) in Lemma 2.3, we have 


2 
G3 = x | (log X + logt + 27 — 2logk) o(t)e (a(tX)*) dt 
1 


log X 
ja|BX? 


= (|a|BX*)~* X log X. 


KX 


Thus the contribution from G3 to (3.1) is 


1 * Al\ 1 
ee -(-2) ZO 
ee h mod k 
1 * Al\ 1 -1 3.4 
< SS e(-F) _ (alex?) X log X (3.4) 
k|qg hmodk 
<q} (alBX®)* X log X. 


Second, we estimate the contribution from the term G'5;(n). Using (2.2) in Lemma 2.2 with 


dn EY 
z= —y¥*" we have 


Ko (=e) a sate See (-==) {140 (k(ey)-4)}. 
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Inserting it into Gs(y), for y > 1 we obtain 


[hen (-*YF) {140 (ew) }0 (5) elo a 
< ky? [- eV exp (-=¥) da 
ay 


Ale 


Gs(y) = V2k2y- 


< k?X4y~4 exp (- i 


Applying the Weil’s bound of Kloosterman sum and using the well-known bound >>, —,, d(n)? « 
x log® x, we can derive that the contribution from G5(n) to (3.1) is 


1 * hl\ 1<— nh 
k|q hmodk w=) 
21515 asc tne 
— F i n —t,n; 5(N 
klq n=1 
= An/X 
<- eS — S- d(n)|.S' (—l,n;k) |k2 X4n~4 exp ( a i "| 
klq n=1 
1 ie 1 1 An /X 
< P S- ; S- d(n) (l,n,k)? d(k)kX *n~ 4 exp (- . i "| (3.5) 
klq n=1 
ae So d(k)X4* = S > (in, k)2d(n)n-4 + O (X71) 
q klq n<k?2X—1te 
1 P ° ie 
<= So d(k)X4 S> |d(n)/? S > (in, k)n7? | +0 (x71) 
q klq n<k2X-1+e n<k?2X-1te 
< gq? te Xe. 


Last, we turn to estimate the contribution from the term G4(n). Using (2.3) in Lemma 2.2, we 


h 
a Lit 1z + lz Lest iz | e—iz = 
Yol2) = a5 7a (¢ ie ‘*) Tareas + ie )+0(2 '), 


Inserting it into G4(y) with z = *", we get 
_ (1+ ake is ae, hee b 2/ey\ . ( 2/zy 
Galy) = ae ak (xy) 4¢ (=) e(ax”) (e i ie ; dx 


ee (ry) 2.6 (J) e (a) (<(2=) | ie( “ty a 


i 
T 
1) 
aN 
> 
wl 
om 
38 
o 
Km 
=a 
Re 
o 
—— 
A 
Q 
8 
Ne 
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C9) Dxtyrt [tole (ax?e) (« (AY) ie( ve") ) dt 


+0 (2e8x-tart [ ee) it) 
0 


= Guly)+O (hE x-4y-4) 


where 
Gay) = ark? Xty74 (r: (AS) iP, ( me) 
(3.6) 
cot (85) wn (848), 
with ; 
a, =1+%, a2 = — 
and es 
Ps(w) = i. t#2¢ (t?)e (ax 4? + wt) dt. (3.7) 
0 
The contribution from O-term to (3.1) is 
1 m hl 1 = h 5 5 
-S> S- € (-=) k S> d(nje (=) k2X7an-4 
q k|q h mod k n=1 
= - S- - S- d(n)S(-l,n; k)k2keX~an- 4 oe 
kl\q n=1 


< gitex—ate, 


The integral P;(w) defined in (3.7) has been studied by Ren and Ye [13] and Sun and Wu [14]. 
Here, we just briefly recall their estimates. Due to the differences in parameters, we shall choose 


them carefully later to get the g-aspect saving. Let 
f(t) = aX? 078 + wt. 
Then we have 
F(t) = 2aBxXPPP* +u 
= sgn(a) (2|a|8.X°#?9— + sgn(a)sgn(w)|w]) , 
f' (£) = 208(26 — 1)XF 8-2, 


If aw > 0 or 
1 
aw <0 but |w| ¢ 51olBX", AlalBx® : (3.9) 


then for all t € [1, V2], we have 


f'(t) > max{|a|BX*, |wl}, f(t) K |alBxX®. 
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Noting that ¢(u) is supported on [1,2], we have 


Ps(w) = [Oe (oxre? + wt) dt 
(w) = f 


By partial integration we have, for w satisfying (3.9), 


l-1 
Ps(w) « = a ND (3.10) 
max {|a|bX%, |w]} 


Let w = 4 2vXy Then |w| € [5|a|8X%, 4ja|8X°] means that y € Ec (\a| 8k)? X28-1, 4 (la|Bk)? X26-1), 


For convenience, we write 
1 = = 
1m [F (lala)? x4, 4 (ash) x7) 


For y =n ¢ I, by (3.6) and (3.10), we have 


Galy) < (KX ty-4 + hEX TY #) R(X y,), (3.11) 
where 
Al-1 
Ri(X,y,k) < 7, b=1,2. (3.12) 
(47) 


5D e(-F)exame(-F) enn 


k|q hmodk 
a os (3.13) 
«= So ES d(n)S(-l, -n; k)(k2 Xin- 4 + 2X An-4)Ry(X,y, k) 
kl\q n=1 
Let Y = k?A?X~1, Using (3.12) with 
J omsy, 
2, n>, 
we get that (3.13) is 
oS - DY a(n)|5(—1, 5 by] (2 XAN-8 + EXAM) RX-AN-F 
q klq n<Y 
1 1 
+= S75 SF aln)|S(-1, —n;h) (ko Xin + hPX INF) ARKIN (3.14) 
q kl\q n>Y 
7s dy a de, 


For 41, we have 
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< awG )kX4 S~ d(n) )(n,l,k)?n-4 


ie n<y 
+= = oath k)k?X~* S~ d(n)(n,1,k)2n- 4 
1 lq ny 


<K gz te Aste, 


d?(n) < xlog? x and the Weil’s bound for 
d(n)? ; 


n=l nite 


where we have used the well-known bound >>), a 


Kloosterman sum. Analogously, since the series )>~~ is convergent, so we obtain 


Yo < gate Ate, 


Thus, the contribution of (3.14) is 
K qzteAate, (3.15) 


Now we can get our first conclusion. If |a|GX° < vx. then 1N Z* =, by (3.3) — (3.5), (3.8) 
and (3.15), choosing 


>) 


we have 
So dn ) « q2**(la|BX°)-!X log X, (3.16) 


nTx 
n=l mod q 


which proves (i) in Theorem 1.1. 
For y =n € I, noting the trivial estimate ves t#2¢ (t?) e(f(t)) dt < 1, and then inserting 


it into (3.1), we obtain the contribution of the second term in the right of (3.6) is 


<= “Ez + Ss d(n) =n; k)|k?Xin-4 


9 fag ® ner (3.17) 
JL 
K g2t* (\alBx)?"*. 


For the first term in the right of (3.6), we use (3.10) to bound the terms with aw > 0 and 
obtain 


py (AEE) — iy (-AEE) = eo [eto re (h(n) dt + OCR nb), 
where 
sa) ree (3.18) 
1 a<0dO, 
and noe 
fall) = fale) = santa) (jalxee? — 2 *He). (3.19) 


Since the contribution from the O-term is absorbed by (3.17), we only need to estimate 


ee AL V2 1 
7 ak AX#D dln) S(-l.-nik)n? f 2 6(t7)e (fi(t,n)) dt. (3.20) 


kla nel 
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To estimate (3.20), we consider two cases according to 8 = $ or not. 
Case 1. If 8 4 5, we have 
1 (€) = sgn(a)|o|(28) (28 — 1) X°?P? > |a|B(28—1)XP, for te [1, v3 
By partial integration and (#1) in Lemma 2.3, we have 
v2, 4 
[Hee (filtn)) at « (lals(29 —1).x°)* 
1 
Therefore (3.20) is 
1 
< (la|B(26 — 1)X8)? ee San) (—l, —n;k)|n74 
oe nel (3.21) 
<K q?**|26 — 17? (|alBx)'**, 
which proves (iz) in Theorem 1.1. 
Case 2. If G6 = s, let 
Hy =2"hla|X#, 1< 1S ro = [logy (hlalX?)] +1, 
and define 
A(H,) = {n HH, X72 < |kla| —2V/n| < 2H,X~ 3}. 
Then it is easy to get that 
|A(H,)| < Hykla| X72. 
Furthermore for n € A(H,.), we have 
2 
IR@I = |la| - i Xt > Hk. 
Then using (i) in lemma 2.3, we obtain 
v2 al 
[hee (file) dt < Hee, 
1 
that is is 
| t?.4(t?)e (sen(a) (kla| — 2./n) vXt) dt < H,'k. 
0 
Noting the trivial bound d(n) < n*, then in this case the contribution of (3.20) is 
<- a owt a > d(n)|S(-1, =n; k)|n-# 
ila n€A(H,) 
(3.22) 


<K- owe) as (|a|2k2)°* k3+*| A(H,)| 
q ila 


< gate Xaté|ag|ate 


Let 
Ip = {n: [kal — 2/n| < x74}, 
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then it is easy to know that 
ol < kla|X~2. 


Now, the remaining work is to estimate 
ay 1 3 1 v2 1 2 
€a— Sk 2X4 S° d(n)S (-l,—n;k) nt f t2 6(t?)e (fi(t,n)) dt. 
? klq n€InIo : 


If ja] < 2 then Jp = . In this case, (3.23) vanishes. 
If |a| > vx, using the trivial bound d(n) <« n®, the contribution of (3.23) is 


1 ; 
~ Sk 2X4 S- d(n)|S(—l, —n;k)|n-4 
q 

klq |kela|-2/n|<x~2 


1 2 
<= E Xt ol (Mla?) 
klq 


K gf XAtelQlate, 


we prove the first part of (ii) in Theorem 1.1. 


(3.23) 


(3.24) 


If : < jal < ¥X, then there exists at most one integer n, which we write n = n x, satisfying 


|kla| — 2/n| < X72 


for every k|q. Therefore (3.20) becomes 


1 v2, 
cnt Suk # XE a(n) S(—L—rnsk)ng tf t2.h(t?)e (fi(t, ng)) dt 
1 


klq 
i 2 1 i 
Wo rade tatansttmtinet [te (oh) a 


+0 (k-MA Ext d(ng)(re)*) 


1 1 3 pace 
= -S e(a,ng) k7? X4d(ng)S (—1, —ng; k) n, * + O(1), 
q 
klq 


where 


Siloti) = Peat i ace (sen(a) (Ia a “| vu) aie 


and 6, = 1 or 0 according to whether there is a positive integer nz or not. 
When @ = $ and ; < lal < vx, we note that gla| < VX. Recalling aj = 1+7% and 


-i1, a>QO, 


Ey = 


1 a<0Q0, 


from (3.22) — (3.25), we can conclude that (3.20) is equal to 
1 - ‘ 
— $7 E(a,ng)k-2X td(ny)S(—L, —r4s kg * +O ((alal)?** X***), 
qd 
klq 


which proves the second part of (#i7) in Theorem 1.1. 


103 


(3.25) 


(3.26) 
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Abstract In this paper we consider the mean value of hybrid arithmetic function of the form 
A$ (n)o?(n)d*(n), where A¥(n) is the n-th Fourier coefficients of the holomorphic cusp form f, 
a(n) is the sum-of-divisors function, ¢(n) is the Euler’s totient function. In detail, we prove 
that for any « > 0, 

YAF(nJo?(n)o"(n) = 2° Pa(log.e) + O(a? rH), 

n<ax 
where b,c € R. 
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81. Introduction 


Throughout this paper, let k > 1 be an even integer, and H; be the set of all normalized 
Hecke primitive eigencuspform of weight k for the full modular group SL2(Z). Each f € Hi 
has a Fourier expansion at the cusp oo 

f(z) = Do Ag(n)n Ferre, 
n>1 
Here A/(n) is the eigenvalue of normalized Hecke operator T,,. Then A;/(n) is real and satisfies 


the multiplicative property. For any integers m > 1 and n > 1, we have 


mn 
Ap(m)As(n) = > As (SF). 
It is worth mentioning that the Fourier coefficients are very meaningful subject. In 1974, 
Deligne [2] proved the Ramanujan-Peterson conjecture 
|Ap(m)| < d(n), 


where d(n) is the Dirichlet divisor function. 
The Hecke L-function of f € H; is defined: 
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Rankin [7] proved that 
So Xn) K 2F (log 2)~*, 


n<x 


where 0 < 6 < 0.06. 
In this paper we estimate the sum of )> AF (n)o?(n)o*(n), where o(n) is sum of divisor 
nx 


function, é(n) is Euler’s totient function and b, cé€R. We establish the following result. 


Theorem 1. Let b,c € R, then for any « > 0, 


S(x) = D5 AF(nJo? (n)$°(n) = 21 Py(log x) + O (2rter site) ; 


n<ux 


where P,(t) is a polynomial in t of degree 4 and O-constant depends on f. 


§2.Preliminaries 


This section is devoted to give some preliminary results for the proof of Theorem 1. 
Lemma 2.1. For any « > 0, $ <o <1, and |t| > 2, we have 

C(o + it) Ke (1+ | t [mart 9)9} 

L(symi fo + it) <pe (1+ | ¢ [ymere 0-2).0}, 
mar{ GAVEL) (1—a),0} 


L(sym! f x sym‘ f,o + it) <p. (1+ | #1) 


where L (sym ti s) is the symmetric power L-function, and L (sym f x sym'f, s) is the Rankin- 
Selberg L-function. 


Proof. See [1] and chapter 5 of the literature [4], respectively. 


Lemma 2.2. For i,j = 1,2,3,4, and for anye > 0, T > To (where To is sufficiently 


large ), we have the estimate 


a 
T 


ceed 
L ( sym’ f x sym’ f,5 + e+ it) 


2 = 
dt <;-T2 +, 


ell 
L(symif.5 +e +it) 


2 


G+) G+1) 
Get 2 


2T 
I 


Proof. For the proof of Lemma 2.2, we can see section 1 of [6], respectively. 


Lemma 2.3. Suppose F(s) = >> “2 converges absolutely for ¢ > 1 and a(n) < A(n), 


n=1 


where A(n) is monotonically increasing and >> an) =O (x) witha >Oasa—>1t. If 


b>landt=N+$ with NEN, then for T > 2, 


S¢ a(n) = af roma +O (a =) (Aeoeer). 


n<u 
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Proof. The proof of the Lemma is given in section 1.2.1 of [5]. 


Lemma 2.4. Let f © Hy and X7(n) denote its n-th normalized Fourier coefficient. Define 


R@2 Ss OE 2 pane) 


n> 


n=1 


then F(s) can be decomposed into 


F(s) = L(sym*f x sym? f,s—b—c)L‘(sym*f, s — b—c)L° (sym? f, s —b — c)C°(s —b—c)H(s), 


where H(s) is analytic and bounded for Re(s) > b+c¢+ 3. 


Co 6 b c 
Proof. F(s) = 2 on ae is the Dirichlet series of vf (n)o?(n)$°(n). Each of A p(n), a(n) 


and ¢(n) satisfies the multiplicative property, thus AF (n)o?(n)°(n) is multiplicative. Hence 
we can write f(s) as a product over primes F(s) = [| fp(s). 
P 


Therefore we obtain 


oo YN 6 ky ob ky) £e(k 
Oey e(P)o (p")G°(p") 


= pks 
= MP) P@)E) APP OPW)EH) 
ps ' prs : 


Referring to Deligne [6], for arbitrary prime p, we can write a(p) and 6(p) for 


As (p) = af (p) + Be (Dp), lor(p)| = af (p)8¢(p) = 1. 


For 7 > 1, we have 


m=0 
Then, 
$(P)— f : 21 | 2 c 
f(s) = 1-4 ior) + Br(p))° (p+ 1)°(p — 1)° Gzor Cais ca Si 
P ps : pes 
_ 14 Lar) + Bs(p))° (p + 1)°(p — 1)° 
pe 
_ (FO) + e108) + 990)) +P + DIOP) 
or ee 
_ 1 (ar) + Br@))® (, 1)’ (,_ 15° Pasa bees 
i eee (1+=) (1 ) +O(p +p ) 
Therefore, 
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F(s)= 
( ) ps—b-e 


i? 1\," 
i N ( c—o) 
« (145) (: ro (prt )) 
4 2 2 4 
=L(sym' f x sym? f,s —b—c) |] (1 geet eae —_ sd 


Pp 


gee eas Geage) 


=L(sym*f x sym? f,s — b—c)L*(sym*f,s — b — c)L* (sym? f,s — b —c) 


x]] (4 = (1 a (1 bY 4.0 (10+) 
: Pp Pp Pp 


=L(sym*f x sym? f,s — b—c)L*(sym*f,s — b— c)L* (sym? f,s —b — c)¢?(s —b—c) 


AI ((++2) 6-3)-2"™)) 


=L(sym*f x sym? f,s — b— c)L*(sym*f,s — b — c)L3(sym?f, s — b — c)¢?(s — b — c)H(s), 


(3 SHE) Baa) OOS AP) HED) 


where H(s) is absolutely convergent in Re (s) > b+ c+ 3. 


§3. Proof of Theorem 1 


Proof. We apply Lemma 2.3 to the sum S(a) = 7 AG(n)o?(n)d°(n), let f(r) = AF (n)o?(n)b°(n). 


nN<x 


We know that f(n) < Bn>*+¢+*, and B is a real constant depending on ¢. Referring to Lemma 


2.3, for Re (s) > b+ e+ 5, we have 
1 bebe th f(n) a gite x B(2x)'+¢t® log x 
S ———— ds +O + O 
(x) Oni ore eae a ns s . (=) ( T ) 
1 b+ce+1+e+iT 8 b+c+1+e 
oie Li(s —b—c)H(s)—ds + O € ). (3.1) 
2ri b+c+1+e-iT § T 


where 


L1(s—b—c) = L(sym* fxsym? f, s—b—c)L4(sym*f, s— b—c)L¥(sym7f,s—b—c)¢>(s—b—c), 


and T with 1 < JT < x is a parameter to be specified later. 
Our aim is to estimate the integral in (3.1). So we consider the closed contour I: 


1 
I=([b+c4+1+e-iT,b+c+1+e+iT7], H=[bte+1lt+etiTjbtetste+il, 
1 1 1 ; ; 
IIIl= Jb+et+t 5 tetiTjbtet+s +e—iTl], IV= [b+e+5 teil bte+1te—iT]. 
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Let 
= f tn(s—b- oH(s)<as, n= | L1(s —b—c)H(s) ds, 
I 8 Le 3 
x* ae 
= | [1(s —b—c)H(s)—ds, n= | L1(s — b—c)H(s)—ds. 
III 2 Iv . 
By the residue theorem, we have 
1 1 : 1 
—l = aq [Lal b c)H(s)~ ds -(Ip + Iz + I4) 
27% 27t Jp Ss 277 
1 
att! Py (log 2) — —— (Ig + Is + 1a), (3.2) 
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where P,(t) is the polynomial of degree 4 in t. 
For Ig and I4, according to Lemma 2.1, we get 


+E gbteto 
Ig +L L tit = di 
ati, < e (a +2 ytexonm’ 
l+e ee 
< cael Iy(o + iT)—do 
hte - 
l+e 
< cal TCS + EXAFS X84 BB X5)(I a)te t be tie 
hte 7 


o 
4 631 x 
< «tS max TI a55 
$+e<o<l+e 
gotetite 


er ee (3.3) 


For J3, using Lemmas 2.1-2.2 and the Cauchy inequality, we obtain 


oi 
Bi< 
1 

gotetgte 


1 1 
5 . b+e+5 +6 
x te+it) Ha(b+c4 bFe+it dt + x 2 
$ ( ) al 2 Nieeroeeral 


1 1 1 
L (sum prow? 5 +et+ it) i (sum 5 +et+ it) Ls (sume 3 tet it) 


T 
< aaa IZ (sym f x sym’ f, = stetit] i (sym fix stetit] 
1 
8 2,1 : 5(1 : 1 b+e+$+e 
xL sym’ fra tetit ¢ g tet pute 2 
5 
(5 +te+ it) 
e 1 1 
x i. L (sum poy, stent) ie (sume stetit) L le, ae stetit] 
" 1 1 
x i pig (sums.5 +e-+it) i (sump 5 e+ a) dt 
Ty 


< potet ste 4 gotetatep ar 


<K ghtetatep ar | (3.4) 


14 1 
gh Foner hg hear oe) max. | vniex 
inne Ty \ Meer 


a 


2 3 
i) 
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According to (3.2)-(3.4), we have 
1 b+c+1+et+iT 


x Aiea es potetite 
L,(s)H(s)-—ds=a°t*+ P, (log x) +O(« btrep )+0 — 
Ss 


Qni b+c+1+e-—iT 
Taking T = xosE , we get 
S(x) = x°*¢+! Py (log x) + O (ree) : 


This completes the proof of Theorem 1. 
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Abstract Let R(n) denote the number of representation of the natural number n by qua- 
ternary quadratic form f(x1,22,%3,04) = 27 + 23 + 5(23 + x7), where 11, 22,23, and x4 are 
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81. Introduction 
Fomenko [4] considered the problem on the distribution of integral points on 


Bite tae SMe + Ue (k > 2), (1) 


described by the asymptotic formula for > rzZ(n), where x;i,y; € Z, 1 < i < k, n € Nt, and 
n<ux 
r~(n) denotes the number of representations of the natural number n as the sum of k squares 


of integer. Distribution of integral points on cones of the form (1) has a long history (see [4]). 
Fomenko [4] and Miiller [10,11], by the Rankin-Selberg convolution method, that for k > 3 


S- ri(n) = c#*-1 + A, (ar), 
n<ux 


with a certain constant c = c(k) > 0 and A;(x) denotes the error term of this asymptotic 
formula, and the error term behaves as 


A; (at) < oh} ans | 
Fomenko [5] improved the estimate for k = 4 


A4(x) < a? (log x). 


In this paper we are interested in the representation number of n by quaternary quadratic 
form f(21,%2,73,%4) = 2} + 73 + 5(x? + xj). We denote the number of representations of the 


natural number n by 


R(n) = R(n= f (x1, 22,73, 24)). 
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We establish the following results. 
Theorem 1. For x > 2, we have 


x R(n) = T 2? +O (x(og)*) : 


n<ux 


Theorem 2. For x > 2, we have 
S~ R?(n) = Cia? +0 (x? (log n)*) 
n<u 


where Ci is a constant. 


§2. Preliminaries 


In this section we will briefly recall some fundamental facts about holomorphic cusp forms 
and automorphic L-functions, and also give some lemmas which will be used in the proof of our 
results. 

Let N be a positive integer, and w be a primitive Dirichlet character modulo N. Denote 
by H;(N) the set of all normailzed Hecke primitive eigencuspforms of even integer weight k for 


the congruence modular group 


b 
One eee (a | © Si2(2) s¢= Oomodn) ¢ 


Cc 


where SL2(Z) denote the full modular group. 
For f € H;,(N), it has the Fourier expansion at the cusp oo 


f(z) = Dlas(nje(nz) (Sz >0), 


where e(z) := exp(27iz). By the work of Deligne [2] on the Ramanujan-Petersson Conjecture 
k-1 


laz(n)| <d(n)n=, nel, 


where d(n) is the divisor function. 
The Hecke L-function attached to f € H,(N) is defined for o = Rs > (k + 1)/2 by 


L(f, 8) = 55 ag(n) 


According to [1], for any prime number p, we have 


won T1126 ie)" TUB)" 0-8)" 


Pp P 


where @p and 6, are two complex conjugates and satisfy ay +8, = af(p) and apB, = v(p)p*?. 


Lemma 2.1. Let y be a primitive character modulo q. 
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(i) For any e > 0, 
7. : max{}(1—c),0}+e 2 
(o + it, x) « (q(lt] + 1) (2) 


uniformly for 1/2<o0<1andt>1 withd«t. 
(ii) For T > 2, q>1, and |o — 1/2| < (200 log qT)“, 


ce 
|L(o + it, x)|4dt < ¢(q)T (log qF)!, (3) 


x mod q 0 


* 
where S- denotes the sums of primitive characters, and p(n) is the Euler function. 
x mod q 


Proof. (i) was proved in Heath-Brown [7], and (ii) was proved in Pan and Pan [12]. 


Lemma 2.2. Let f © H,(N) and xy be a primitive character modulo q. For any € > 0, 


we have 


Ee: |L(sym? f ® x,0 + it)|?dt <},. (Gry ate (4) 
uniformly for k —1/2<o<k andT > 1. Moreover, 
L(sym? f @x,0 + it) <pe (a(lt| + 1)ymaxt 3 (k-0),0} +e (5) 
uniformly fork -l+e<o<k+e. 


Proof. From Shimura [14] we learn that L(sym?f ® y,s) satisfies a functional equation, so it 
is a general L-function introduced by Perelli [13]. Then from Theorem 4 in [13] we deduce 
the estimate (4). The convexity bound (5) can be obtained by standard arguments similar to 


Lemma 2.4 in Jiang and Lit [9]. 


k-1 


Now we study the distributions of af(n), a(n)o(n), and a;(n), where a s(n) = Af(n)n2 
and a(n) = dod. 
dln 


Lemma 2.3. For f © Hy(N) and x > 2, we have 


S- a(n) =O (Caos (log oe) : (6) 


n<ux 


Y ay(no(n) = O (a°F* (log 2-089), (7) 
where the O-constants depend on f. 
Proof. We know from Theorem 2 in Wu [18] that for f € H;,(N) and x > 2, 


8;(x) = > y(n) = O (a5 (logz)-°*) , (8) 


n<ux 


where the O-constant depends on f. 
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By Abel’s partial summation formula and (8), we have 
= % -~1\! = 
S- af(n) = Si(a)a > -f S'f(u) (u'=) du =O (2"e* (log z)-04*°) : 
n<u 7 
With the same method, it’s easy to get 


S- ar(n)n =O (Cas (log a) : (9) 


n<u 


By the Rankin-Selberg convolution method, Dirichlet convolution, and (9), we conclude 
that 


Y- ap(n)o(n) = 0 (2*F* (log.x)-°"**) 


n<ux 


where the O-constant depends on f. This completes the proof. 


Lemma 2.4. Let f € H,(N), for anye>0 and x > 2, we have 
S- a(n) = Cox* +0 (a) ; 
n<ux 


where C2 is a constant and the O-constant depends on f. 


Proof. By the Rankin-Selberg convolution method in chapter 13 of [8], we have 
le) —1 x: ee 
3 a;(n) =I (1 a%(p) 87 (p) : a;(p) (: = alo) r(0)) : i B= (p) 
at ns : ps ps ps ps 


_ LUsym? f,s)L(s +1—k,¥) 
~  L(Qs +2—2k, oe?) 


=: [1(s), 


Clearly L~+(2s + 2 — 2k, 7?) is absolutely convergent and has free from zeros for Rs > (2k — 
1)/2+.¢, L(sym?f,s)L(s+1-—k,w) has one simple pole at s = k in the whole s-plane. 
By Perron’s formula, we have 


b+iT 


Sag ml. La(s)ds +0 (ze) | o (Goer). 


n<u 


where T with 10 < T < & is a parameter to be specified later and a = 1, b = k +e, and 
A(n) = n*-1+©, Then we have 


ib k+e+iT es ake 
2 ane Es a 
Sain) = 55 | Ly(s) “is +0 ( Tr ; 


+e—-iT 


We move the line to Rs = (2k — 1)/2 +e. By Cauchy’s residue theorem, we have 


d a}(n) = Res {rie} Hi) (=) 


n<u 
2k-1 , 2Qk-1 i ‘ 
1 a +e iT z te+iT k+e+iT x 
+ Ori i +f +f [1 (s)—ds (10) 
TU \ Skte-iT 2k +e-iT Phot betiT ° 


k+e 
= Gt +hth+h+o (= i 
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where C% is a constant. 
For Iz, using (3) and (4), we have 


For the integrals over the horizontal segments, using (2) and (5), we have 


oOo 
Alk _ x x 
h+b< max Y ieee (=r) < 
2k=1 be<o<kte 


Combining (10)—(12), we have 


n<ux 


Taking T = x5, we obtain 


The proof is complete. 


Finally, we give some facts about a(n). 
Lemma 2.5. Let n= pj"'ps? --- pr, we have 
_ op ps ne 1 — prt 
Tr 


1-p, 1— pe 1 — pr 


a(n) = 


Proof. This fact was proved in Tichmarsh [16]. 


Lemma 2.6. For x > 2, 


n<u 
And 
5C(3 5 
x cd c > 40 (2*(loge)#). 
n<u 
Moreover 


S/o? (n) = : al z+O («(log x)' S(t) 


where the O-constant is independent of x and t, 


Ai(n) = 5° we, A2(n) = 5° Bull) = O(d(n) logn), 


q|n k|n 
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(12) 


(13) 


(14) 


(15) 
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and fork |n 


Bi(kin)= > au s(n) =TT (1 


m=1 
(m,n/k)=1 


where p(n) is the Euler function. 


Proof. These facts were proved in Walfisz [17] and Ramaiah and Suryanarayana [15], respec- 


tively. 


§3. Proof of Theorem 1 


Proof. Elstrodt, Grunewald and Mennicke [3] proved the following result: 


R(n) = ; (o1(n,4) + 501 (=.4) + 2a(n)) : 


where o1(a,k):= > d, o1(a,k) =0 if a is not a natural number, a(n) is defined by 
dla,ktd 
n° (2z)n?(10z) = > a(n)e2"""*, Sz > 0. 
n=1 


Note that 1?(2z)n?(10z) is the normalized cusp form of weight 2, and n(z) is defined in the 


half-plane H = {z : Sz > 0} by the equation 


By virtue of 


o1(n,k) = S- d= Sod- S- d=o(n)—ko(), 


d|n,ktd d\n d|n,k|d 


we obtain 


Now R(n) is divided into four cases. 
Case 1 if 4{n,54n, 20fn, then 


(16) 


(17) 


(18) 
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Case 4 if 4|n,5|n, 20| n, then 


n<ux n<a n<a n<x 
A|n 5|n 
80 ( n ) 8 
-— o +s ) a(n) 
3 nee 20 3 er 
A\n,5|n 


=:5,; —S2,4+ $3 — $44+ Ss. 


By (13), we have 


Sy = 3 2) =" 2240 (x(og)?) : 
16 1? 2 2 
S2= = a(k1) = 362 + O (x(og 2): ) ; 
kisG 
2 as 2 
S3 = 20 a(kg) 7 2? +0 (x(og x)*) : 
3 45 
koSe 
2 
S4 = - o(k3) = Tl +O (x(og x)*) : 
k3< 35 
Taking k = 2 in (6), we have 
8 5 = 
55 = 3 ye a(n) =O (x* (log x) ie : 
n<ux 


Combining (20)—(25), we obtain 


oe R(n) = ae +O (x(oge) 


n<u 


wl 


). 


The proof of Theorem 1.1 is complete. 


84. Proof of Theorem 2 


Proof. From (16)-(20), it is easy to get 


n<x nsx n<ax na 
A|n 5|n 
640 n\ 64 256 a(n 
— =p LE otme (35) + Leoewatn) +" (F) 
n<ax n<au <a 
4|n,5|n an 
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(19) 


(20) 


(25) 
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No. 1 
640 n n 2560 n n 256 
9 > °(5) (3) caer’ a. > (7) (35) 9 sel 
Aln,5|n Aln,5|n A|n 
400 a(n 3200 n n\ _ 320 n 
2 (8) 2 ol Bo(B) Eon 
5|n A|n,5|n 5|n (26) 
6400 AL 1280 n 64 5 
are (a) ho lgp)em@+ a Le) 
nx n<ax n<ax 
A|n,5|n 4\n,5|n 
=:96 —S7+ Sg — So + Sig + S11 — Si2 + S13 
— Sia t+ Sis — Sig + S17 + Sig — Sig + Soo. 
By (14), we have 
= 16 2 _ 40¢(3) 3 2 2 
ee (n) a7 +O(« (log)3), (27) 
256 10¢(3 
ne 2(hy) = 29 +0 («2 loge)8), (28) 
9 27 
kaSq 
400 8¢(3 ‘ 5 
S15 = > 6s) = S09 +0 (2°(og2)*) , (29) 
ks <s 
A 2 
Sri Oe Pty = BO GEL (x? (log x)*) (30) 
9 27 
ke< 30 
Using Lemma 2.5 and Lemma 2.6, we have 
12 12 
ei “ o(njo (4) = “ S> o(4%)o(4°-4)0?(kr) 
n<ex k7< ge 
4|n Atk7 ,a>1 
12 31 
= PB otaryotae2) | Ooh) — Oo) me 
l<a< ney k7S qe peg 
if: 
= C322 +0 (x(log x)*) 
where C3 is a constant. 
Similarly, we have 
1 
Sg = ~ Dane (=) = n° +0 (x? (log.x)* ) ; (32) 
5|n 
ul 
So = ~< » o(n)o (=) = C52 + O (x? (log .x)* ) (33) 
A|n,5|n 
= 640 n n\ _ 3 2 1 
512 = ye o(F)o(2) = Cex +0(x (loga)*) , (34) 
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2560 Wf R\ 3 : u 
sua 88 o(Mo(B)acet +(e). 
Aln,5|n 
_ 3200 n n\ _ 3 2 1 
ey Tae 7 (5) o (55) = Cs? +0 (27g) ), 99) 
Aln,5|n 
where C4, C5, Ce, C7, and Cg are constants. 
Choosing k = 2 in (7), we have 
4 
So =~ Lotnaln) = 0 (2 (log.a)-0), (37) 
_ 256 n = a —0.1185 
Su=> yy (=) a(n) = 0 (x (log) ) (38) 
A|n 
320 n = 
S17 = me (5) a(n) =O (x* (log x) a) (39) 
5|n 
_ 1280 n = a —0.1185 
so = 8S o( Rainy 0(eF es). 
A|n,5|n 
On taking k = 2 in Lemma 2.4, we have 
_ 64 2) — 2 5+ 
Si = 5 (n) = Cox +0(x% ae (41) 


where Cy is a constant. 
We get from (26)—(41) that 


S- R?(n) = Cia? +O (x? (log x)*) : 


n<ux 


where C; is a constant. The proof of Theorem 1.2 is complete. 
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§1. Introduction and preliminaries 


Many scholars are interested in researching the divisor problem, and they have obtained a 
large number of good results. However, there are many problems hasn’t been solved. For exam- 
ple, F.Smarandache gave some unsolved problems in his book Only problems, Not solutions! 
[3], and one problem is that, a number n is called simple number if the product of its proper 
divisors is lass than or equal to n. Generally speaking, n = p,or n = p’, or n = p°, or pq, where 
p and q are distinct primes. The properties of this simple number sequence hasn’t been studied 
yet. And other problems are introduced in this book, such as proper divisor products sequence 
and the largest exponent (of power p) which divides n, where p > 2 is an integer. 


s , s 5 
Let n > 1 be an integer of canonical from n = [] p? . The integer d = [| p? is called an 
i=1 i=1 
exponential divisor of n if b;|a; for every 7 € {1,2---s}, notation: d|.n. By convention l|¢l. 
The integer n > 1 is called e-squarefree, if all exponents a,,---a, are squarefree. The 


integer 1 is also considered to be e-squarefree. Consider now the exponential squarefree expo- 


Ss P 
nential divisor (e-squarefree e-divisor) of n. Here d = [J p?’ is called an e-squarefree e-divisor of 
i=1 


s 2 
n= |[ p? >1, if bila1---bslas, b1---bs are squarefree. Note that the integer 1 is e-squarefree 
i=1 
but is not an e-divisor of n > 1. Let «°)(n) denote the maximal e-squarefree e-divisor of n. The 
function «‘°)(n) is called the maximal e-squarefree e-divisor function, which is multiplicative 


and ifn = J] pe > 1, then (see[1]) 
i=1 
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where «°)(n) = [] p. The function «© (n) is multiplicative and «© (p*) = p*) for every prime 
pin 
power p*. Hence for every prime p, K°)(p) = p, K°°) (p?) = p?, 6 (p3) = p3, 6) (p4) = p?--- 
Many authors have investigated the properties of the function «)(n), see [4] and [5]. 
Recently L. Téth [1] proved that the estimate 


1+x«(a—1) 


aoe (a) 5 
>) =F Ta+ )a? + O(xtd(e)), 
p a=4 


p* 


n<ux 


where 
6(x) = 64(2z) := exp(—A(log x) 3 (log ieee): 


A is a positive constant. 
The aim of this short text is to study the short interval case and prove the following. 
Theorem /f 75+? <y <x, then 


a+y 1 3 
ye, KO) (n) = aa | tdt + O(yx~?) + O(a3t2°), 


a<n<aty 


Natation Through out this paper, € is always denotes a fixed but sufficiently small positive 
constant. 


§2. Proof of the theorem 


In order to prove our theorem, we need the following lemmas. 


Lemma 1. Suppose s is a complex number (Rs > 1), then 


KO (n) _ (s—1) 
2 a tea 


where the Dirichlet series G(s) = 2 I) is absolutely convergent for Rs > . 


Proof. Here «‘©)(n) is multiplicative and by Euler product formula we have for (Rs > 1) that, 


Soa -TJa AM) EE) ROD) ROT) RD) 
= ns : ps pes pes pss prs 
-JJa+24 I SE SS SR 
: ps ps ps pss ps 
1 
1 1 1 a 1 
= [LO + peat + pasma + gaa + plea + pens * ) 
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123 


_66-Do 


= eds ayo) 


co 
So we get G(s) = > an) and by the properties of Dirichlet series, it is absolutely convergent 
n=1 


for Rts > é. 


Lemma 2. 


Proof. This is easily from partial summation formula. 


Let f(n), h(n) be arithmetic functions defined by the following Dirichlet series (for Rs > 1). 


SY) a= 6), 


S- ie) = ¢-1(4s — 4). 


Lemma 3. Let f(n) be an arithmetic function defined by (1), then we have 


S fln) = 52°62) + 02). 


n<ux 


co 
Proof. From Lemma 1 the infinite series >> an) converges absolutely for Rs > 
n=1 
that 


S- g(n) <1. 


n<ux 


Therefore from the definition of f(n) and Lemma 2, we obtain 


123 


6 


5? 


(1) 


it follows 
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No. 
Lemma 4. 


Let k > 2 be a fixed integer, 1 < y < x be large real numbers and 


B(ax,y;k, 6) = a 1. 


a<nm®<a+y 
m>«* 
Then we have 


Ba, y;k,€) K yor’ +e 2H 8, 


Proof. This Lemma is very important when studying the short interval distribution of |-free 
number, see [2]. 


Next we prove our Theorem. From Lemma 4 and the definition of f(n), h(n), we get 


h(n) =d_y(n)n4 «n**, 
and 


KO(n) = SO) f(k)A(m). 


n=km4 
So we have 


Q(x + y) — Q() = 


> Fe\Am) = 40 >): 
n<km4<at+y 
where 
do = YE rem) f(r), 


mSat ay chs Sty 
So= SS Iflk)a(m)). (3) 
2 a<nm* <a+y 
m>ax* 
In view of Lemmas, 
Dn fore 
ST = YF Alen) cai idt + O(1) +0 ( =)) 
me J, m 
ai mM<ue 
_ G2) 


By Lemma 4, we have 


Sikx«e YO 
2 


a<km4<aty 
2 = i 
< ae (yx € + xt) 


K yo? + ote, 
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Now from (2)-(5), we obtain 


ary al. 3 
S- Ko) (n) = a | tdt + O(yx?) + O(a9*?°), 
a<n<aty % 
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Abstract Let n > 1 be an integer, the function t‘)(n) denote the number of e-squarefree 


e-divisors of n. In this paper, we will study the mean value of t) (n) over cube-full numbers, 


that is 
2a tn) = >t (n) fa(n) 


n<«x n<@ 


n is cube — full 


Keywords exponentially squarefree, exponential divisors, Dirichlet convolution. 
2010 Mathematics Subject Classification 11N37. 


§1. Introduction and preliminaries 


An integer n = p{'p5?---p%r is called k-full number if all the exponents a; > k, a2 > 


k, +++, dp >k, when k = 3. nis called cube-full integers, i.e. 
1, nis cube-full , 
fa(n) = > 
0, otherwise . 
Let n > 1 be an integer of canonical form n = p{'p$? ---p%". The integer d = p>! p}? - - «por 
is called an exponential divisor (e-divisor) of n, if b;|a; for every i € 1, 2, --- , r. The integer 
n > 1 is called exponentially squarefree (e-squarefree) if all the exponents a1, dz, --: , d, are 


squarefree. The integer 1 is also considered to be e-squarefree. 

Many scholars are interested in researching the divisor problem and have obtained a large 
number of good results. But there are many problems hasn’t been solved. For example, 
F.Smarandache gave some unsolved problems in his book Only problems, Not solutions! [5], 
and one problem is that the integer d = pr pe ---pr is called an e-squarefree e-divisor of 
n= pi'ps?-:- per > 1, if bilai, --- , bp|a, and b;, --- , b, are squarefree. Note that the integer 
1 is e-squarefree and it is not an e-divisor of n > 1. There is the exponential analogues of the 


functions representing the number of squarefree divisors of n (i.e. O(n) = 2°(™, where w(n) = 
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r). Let 
©) (n) = Qe(e) ... gular) 


where n = p{'p$?---p¢ > 1. The function t)(n) is multiplicative and t)(p%) = 2% for 
every prime power p*. Here for every prime p, t\)(p) = 1, t&(p?) = t©(p3) = t© (pt) = 
t (p>) = t© (p") = 2, £9 (p®) = 4, 

L.T6th [2] proved the following results: 
(1) The Dirichlet series of t©(n) is of form 


a 


t)(n 


(s)¢(2s)V(s), Rs > 1, 


where V(s) = >> un) is absolutely convergent for Rs > +. 
n=1 
(2) 
1 A. 
) ©) (n) = Cia + Cox? + O(x2t*) 


n<u 


for every € > 0, where C), C2 are constants given by 


w(a) _ 9w(a—1) 
— it z ). 


Pp 
QI: Bi specs (a) gu(a-1) Ae gw(a—2) 4 gu(a-3) 
a=4 PS 
(3) m 
log t\* log 1 1 
lim sup Ale = = log2. 
estes logn 2 


The aim of this paper is to establish the following asymptotic formula for the mean value 
of the function t)(n) over cube-full numbers. 
Theorem 1.1 We have the asymptotic formula 


S> (n) = 2 Qi, (log a) +24 Qi a(logz) + 24 Qi g(log x) + 2t + O(a") , 


n<«x 


n is cube — full 


where Qi,xn(t), kK =1, 2, 3 are polynomials of degree 1 int, o9 = aE = = 0.151055839 - 


Natation Through out this paper, ¢ always denotes a fixed but sufficiently small positive 


constant. 


§2. Some Lemmas 


Lemma 2.1 Let f(m), g(n) are arithmetical functions such that 


J 


S> f(m) = So 2% P; (log x) + O(a®) , 


m<ux q=1 
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Ye Ign) = O(@*) , 


nN<2x 
where ay > ag > az > -:-ay > a > B > 0. Pj(t) are polynomials in t. If h(n) = 


dX f(m)g(d), then 


n=md 
J 
dE h(n) = D2 Q;(log x) + O(e*) , 
nN<u j=l 
where Q,(t) are polynomials int, (j =1,--- , J). 


Lemma 2.2 The Dirichlet series of t©(n) is of form 


©(n 
LD : de €7(3s)¢?(4s)¢?(58)¢(6s)G(s), Rs > 1 


n is cube — full 


where G(s) = >> a(n) is absolutely convergent for Rs > 2. 


s 


Proof. 


Te AL, 


n is cube — full 


-TI(1 t)(p) fap) , 1?) fa(P?) | CO?) fal*) , CO) fav") +) 


a 


i ps pes pes pss 
£6) (3 £6) (p4 £6) (m5 
=T] (1+ 222 4 G9, 9...) 


ps : pss i prs 


( gu(3) gu (4) gu(5) ) 


—s al 2 | 2 | 2 + ) 
=|] 3s | pds ' pds i 
p P Pp Pp 


= ¢7(38)¢?(48)¢(5s) [] (1+ Fi ae te) 
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= ¢7(3s)¢7(48)¢7(5s)¢(6s)G(s) 


where G(s) = S> 4 =]](1— 2, +--+) is absolutely convergent for Rs > z, and 
P 


Se Ig(n)| K a7. 


n<ax 


Lemma 2.3 Let $ <o<1, t>to > 2, we have 


C(o + it) Kt 3" logt. 


Proof. See E.C.Titchmarsh|4]. 


Lemma 2.4 Let $ <oa< 1, define 


4 Us ota 
Lt ee Ter go OB 
19 35 41 
A at a ae 54 <7 = 60 
atte Me voi 
m(o)= 3559480’ =~ 
m(o) — 12408 Sue 
4537-48900 4° 6 
4324 5 7 
mo)= 1931 -10Me’ 6 <7 S38 
m(a) = 3] es : <o < 0.91591 
mo) = apy ay 80 <a<l-e 


Proof. See A. Ivi¢[3]. 


Lemma 2.5 


ye d(3, 3, 4, 4, 5,5, 6;n) = 13 Py (log x) + x4 P, 9(log x) + x P, 3(log x) +28 + O(x7°t*) 


n<u 
where op = ose = 0.151055839 ---, Py z(t), k =1, 2, 3 are polynomials of degree 1 in t. 


Proof. By perron’s formula, we have 


1 yee av gate 
S(x) = $5 (n)d(n) = >| €°(38)¢°(48)¢°(58)< (68) ——ds + O( 


277i Jy_ ir 


) 


n<ux 
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where b = 3 +e, T = 2°, cis a very large number of fixed numbers. z <00< z: According 
to the residue theorem, we have 


S(x) = x3 P; (log 2) + x1 P; »(log 2) + x? P; (log x) et eh+hei+ O(1), 


= se [2 Gs)6%(4s)02(65)6(65) as 


200 Spit 


1 ootit : 
a ae ?(38)¢?(48)¢?(5s)¢ (68) —ds 
1 b+it ; 


Is (?(3s)¢?(4s)¢(5s)¢(6s)—ds 


~~ Oni oo-tit 
Since go > 4 +06, (s =o +iT), and from Lemma 2.3, we have, 


1 
gte 


h+b<«< i, |C(30 + 3iT)|?|C(40 + 4iT)|?|C(50 + 5iT)|?|C(60 + 677) |x°T~ do 


20 


A é 5 4 3 gte 
<T- / | i | i 
co i z L 1 
6 5 4 3 


x |C(30 + 3iT)|2|C(40 + 487) |?|C(50 + 5iT)|2|C(60 + 6éT) |x? do 


1 
= 6 24-30) , 201-40) | 201-5) , (1-60) 
Be a tar 
lox 


0 


1 1 
eA aae 5 241-30) , 2(1—4e) , 2(1—5) 4 211-30) , 2(1—40) 
fey Tous bt 8 9 do Ae. Hey T 3s + 3 ado 


1 
é 5 
A. 
1 lig 
ee 3 2(1—30) = 3 
+T7! zl T  § 2¢°do+T ey x? do 
Bi A 
a 3 


1 A ee 1,5 Tee oe 
<yryT et geT ata pep ste gay ot peg Tt es Tt 


1 
=t+eqm—dte 
<K 3 TeT ; 


where 6 is very small normal number, 6 > e. 


T 
De (: + / \C(30 + 3iT)|?|C(40 + 4iT)|?|C(50 + 5iT)|?|C (60 + ocryeat 
1 


According to the partial integral formula, we have 


T 
k= ‘) |C(30 + 3iT)|?|C(40 + 42T)|?|C(50 + 5¢T)|?|C(60 + 62T)|dt < TIT. 
1 


If p; > 0, (¢ = 1,2,3,4) are real number, and a oe > | os = 1, by Holder inequality, we 
have 


T ar / pT 72 [pT 75 
h< ( Y |C(309 + serra) ( | |C(400 + 4¢T)|??? i) ( | |C(500 + 5éT)|??8 i) 
1 1 1 
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eal 
T Pa 
( if IC (609 + cara) . 
1 
So, we have to prove 
T 
[ (300 + 3éT)Ptdt << TI** , 
0 
T 
[ |¢(4o0 + 4iT) |??? dt << TT, 
0 
T 
[ [C(509 + 5iT) 78 dt «x TIT , 
0 
T 
| |C(609 + 6iT)|?*dt < T'T* . 
0 
Let S20) = 2p,, m(409) = 2p2, m(509) = 2p3, m(6o0) = pa, since me) ae 
mileas) + mi6a0) = 1 and from Lemma 2.4, we have 09 = fgggsa795 = 0-151055839 - 
§3. Proof of Theorem 1.1 
Let a 
¢?(38)¢7(48)¢7(58)¢( » Rs >, 
= 3,4, 4, 5,5, 65 
(7(B8)¢2(A)¢2 $a : 
such that 
f(n)= Y= d(3,3,4,4,5,5,6;m)g(d). (3.1) 


n=md 


From Lemma 2.5 and the definition of d(3,3,4,4,5,5,6;m), we get 


S~ d(3,3,4,4,5,5,6;m) = 23 P, 3 (log x) +04 P, 2(log x) +x? P,,3(log x)-+a* +O(a°t*) , (3.2) 


m<u 
where P,.,(t), (k = 1,2,3) are polynomials of degree 1 in t. In addition, we have 
t+e 
Y lo(n)| = O@7**). 
nN<ux 
Combining (3.1), (3.2) and (3.3), and applying Lemma 2.1, we have 
Y= f(n) = £7 Qi, (log x) + 27 Qi 2(log x) + a Qi s(log a) + 2% + O(a) , 
n<ux 


where Q(t), (k = 1,2,3) are polynomials of degree 1 in t. 


From Lemma 2.2, we have 


(n) fs(n) = S~ d(3,3,4,4,5,5, 6; m)g(d) = f(n). 


n=md 


Then we complete the proof of Theorem 1.1. 
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(3.3) 


(3.4) 
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Fourier coefficient ry (n) of cusp forms, where i = 2, 4,6, 8. 
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81. Introduction 


Automorphic forms and automorphic L-functions are important tools in modern number 
theory. Let S;,(I) be the space of holomorphic cusp forms of even integral weight k for the full 
modular group [ = SL(2, Z). Let f(z) be an eigenfunction of all the Hecke operators belonging 
to S;,([). Then the Hecke eigenform f(z) has the following Fourier expansion at the cusp oo 


where we normalize f(z) such that a7(1) = 1. Instead of a(n), one often considers the normal- 
ized Fourier coefficient (n) 
ar(n 
AF (n) = T° 


= 
n 


We know that A (mn) is real and satisfies the multiplicative property 


Ap(m)As(n) = So As (=), 
) 


d|(m,n 


where m > 1 and n > 1 are any integers. 
The Fourier coefficients of cusp forms are interesting objects. In 1974, P. Deligne [3] proved 


the Ramanujan-Petersson conjecture 
|As(n) |S d(m), n>, 


where d(n) is the divisor function. 
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In 1990, Rankin [4] considered the sum of the Fourier coefficients of cusp forms, and proved 
that 
So Ap(n) <3 (log a)~°, 


n<ux 


where 0 < 6 < 0.06. 
Rankin [5] and Selberg [6] studied the average behavior of rj (n) over natural numbers and 


S- 7(n) =cx+Ofe Cae 


n<ux 


Subsequently, Lii [8]- [9] further studied the higher moments of A¥(n), and proved that 


showed that, for any « > 0 


Ds dj (n) =culogr+cat Oy; (2%) 


n<a 
a AB (n = «P,(log x) + Ope (c#**) ; 
n<x 
ss Xi (7) = xP,3(log x) + Ofe (« Hite), 
nx 


where P;(x) is a polynomial of degree i in x. 

In this paper, we will study asymptotics for double sums which involve the Fourier coeffi- 
cient of cusp forms. 

Theorem 1.1 Let ke N, then 


(i) for any Riemann integrable function f : [0,1] + R, the following equality holds 


1 ag 
Pes) L(G) te AVG = f roa 


(ii) if w: [0,1] > R is Riemann integrable, v1 : [0,1] > [0,1],--- , vx : [0,1] + [0,1] are all 
continuous functions, with vi(1)---vp(1) £0, the following equality holds 


1 ij (log, (43) log eG. \ sou cays 
a xP, (log x) 2” ( go ( log, x Uk log, x r5(t)Az(I) 


1 
= w(t-v,-++up,)dt, 
0 


(iii) af vo : [0,1] — R is Riemann integrable, vi : [0,1] > R,---,v~% : [0,1] > R are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


lim, sprog De (Z) ™ (Negi) 7% (aks) OND 
=v (1) --- ve(1) [ vo (t)dt, 


where P\(x) is a polynomial of degree 1 in x. 
Theorem 1.2 Let ke N, then 
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(i) for any Riemann integrable function f : [0,1] > R, the following equality holds 


: a 4 4 
lim. Stew wit +) at Az p= [fom 


(ii) if w: [0,1] > R is Riemann integrable, v1 : [0,1] > [0,1],--- , vx : [0,1] > [0,1] are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


: 1 ay log, (77) log; (27) ee ae 
————— a eI) ek) 
jin sy w (Zo ( pee) nay (FERZ) J gong 


1 
=| w(t vr -+++ Up) dt, 
0 


(iii) if vo : [0,1] — R is Riemann integrable, vi : [0,1] > R,---,v~% : [0,1] > R are all 
continuous functions, with v1(1)---vp(1) £0, the following equality holds 


oo (2) os (BED) (BED) agenagn 


=; (1) --- 0% (1) i) vo(t)dt, 


1 
lim —~— 
P00 «P3(log x) ds 


Wj<au 


where P3(x) is a polynomial of degree 8 in x. 
Theorem 1.3 Let ke N, then 


(i) for any Riemann integrable function f : [0,1] > R, the following equality holds 


1 ay BC a =f 10 


(ii) if w: [0,1] > R is Riemann integrable, v1 : [0,1] > [0,1],--- , vx : [0,1] > [0,1] are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


. 1 a log, (47) log;, (77) 6/2) \ 6/2 
pte EP 5(log ) = o (ae jog:e ) Toga J) F070) 


1 
= w(t: vy ++ Ug) dt, 
0 


(iii) if vg : [0,1] — R is Riemann integrable, v1 : [0,1] > R,---,v, : [0,1] > R are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


: ij logs (ij) loge(i3) \ 6/6; 
lim. —~——. = fo 
200 «Ps (logx) d - (2) a ( logix OR logpx Aj ()A5(9) 


ig<cu 


=ny(1)---09(0) f volt 


where P9(x) is a polynomial of degree 9 in x. 
Theorem 1.4 Letk EN, then 


135 


136 Ai Liu and Linli Wei No. 1 


(i) for any Riemann integrable function f : [0,1] > R, the following equality holds 
im a (2) aoa =f “fOat 
too x Pz (log x) fee AS TA OE 0 , 


(ii) ifw: [0,1] > R is Riemann integrable, v1 : [0,1] > [0,1],---, vx : [0,1] — [0,1] are ail 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


: 1 a log, (77) log, (23) 8/5)\ 8/5 
Jim EPyloee) oe w (4 V1 ( log; 2 Uk log, 2 AG (AP(T) 


1j<cu 
1 
=| w(t: vy +++ Up) dt, 
0 


(iii) if vo : [0,1] — R is Riemann integrable, vi : [0,1] > R,---,v~% : [0,1] > R are all 
continuous functions, with v1(1)---ug(1) £0, the following equality holds 


1 a log, (23) loge(t3) \ \8 7. \8/. 
ean «P27 (log x) De oe (“) mn ( log, x log, x APA) 


Vj<au 


230) 35%,.0) iE vo(t)adt, 


where P27(x) is a polynomial of degree 27 in x. 


§2.Preliminaries 


In this section, we are devoted to give some preliminary results for the proofs of Theorems. 

Lemma 2.1 Let h: (0,00) > R be a function, satisfying exists ro > 0 with h(x) > 0 for 
all x > xo, and h is differentiable on (ao,co) and Jim Leta) =1. Letke N, A,BCWN and 
v:Ax B- [0,co) be such that its double summatory function is equivalent to h. Then 


(i) for any Riemann integrable function f : [0,1] > R the following equality holds 


in yD (2) ean ow 


(ii) if w: [0,1] > R is Riemann integrable, v1 : [0,1] > [0,1],--- , vx : [0,1] > [0,1] are all 
continuous functions, with v1(1)---vp(1) £0, the following equality holds 


, 1 aj log; (77) log, (iJ) - 
lim —— S pee OEE Nerd 
im fea pa w (2 U1 ( log, 2 Uk log; v(i, J) 
(i,j)EAXB 


1 
=| w(t-v,-+-+up,)dt, 
0 
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(iii) if vo : [0,1] — R is Riemann integrable, v1 : [0,1] > R,---,v~% : [0,1] > R are all 


continuous functions, with v1(1)---vup(1) £0, the following equality holds 


dinghy Fm (2)m (MY) as 


1j<au 
(1,j)€EAXB 


=v; (1)--- ou(t) f vo(t)dt. 


Proof. Statements (i)-(iii) follow Corollary 2 in M. Banescu and D. Popa [1]. 


Lemma 2.2 The following evaluations hold 


s AF(i)AH(J) = xP, (log) + O (x#**), (2.1) 
a 7 (i) AF (J) = CP3(log x) + O (xi#+*) ’ (2.2) 
y A$ (A) AG(J) = xPo(log x) + O (a+) , (2.3) 
oe AF(i)A$ (4) = @Par(logx) + O (a3), (2.4) 


where P;(x) is a polynomial of degree i in x. 
Proof. By the hyperbola method of Dirichlet, we have 


; x 2 
DAHA =2 DO ROK (FZ) - FWA)’, (2.5) 
ij<a i< VE 
where F(x) = ey A+ (i) = cx + R(x) with R(x) = O (ae) According to Abel’s summation 
formula (see Apostol [10]), we have 


AF (i Z 
eared Aer Po 


=F EMO+ f (+0 (wt) 


t<ax 


=c+0 (2-H) +eloge+ a 0 (u-#*) au 


(2.6) 


Denote O (u- Ft) by f(u), we obtain 


i O (u-#) ae e f(u)du = [ f(u)du — c Haida 


We learn that | f(u) |< cu75+®, and J? f(w)du is convergent. There exists a M > 0, such 


that z 
i O (u- s+) du=M+O (a 8+) ‘ (2.7) 
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Further (2.6) gives 


o75 
S- an =clogr+¢+O (a8) F 


t<au 
We deduce , 
E sHoF(2)= E40 (&+0(e*)) 
i< Va i< Je 
go ee (2.8) 
i<ve ea 


=cxr(logx)+cr+O (x#+*) + R(x), 


2,/- 
where R,(x) =O[ast® ao) 


ait 
Using the Abel’s summation formula, we have 


(i ey 
yee fta(Ty 


i<a t<u 
=cxst© +0 (x*) + =| (cu-8-* +O (u")) du 
1 


< ast’, 


Thus R(x) = O Ga Ss 42) =O (x*), and (2.8) gives 


i<vz* 
S- V3 (i)F (=) =cxlogx +O (a). (2.9) 
i<VE 
In addition 
(F(z)? =cx +O (x#+*) (2.10) 


From (2.9) and (2.10) , we obtain (2.1). Similarly, we get (2.2) - (2.4). 


§3. Proof of Theorems 


In this section, we only give the proof of Theorem 1.1. The proofs of remaining Theorems 
are similar to that of Theorem 1.1. In order to avoid repetition, we omit them. 


Proof. Let h(a) = «P;(logx), where P;(x) is a polynomial of degree 1 in x. Then there exists 
xo > 0 with h(x) > 0 for all x > xo, and h is differentiable on (ap,00). Further 


h'(x) = P,(logx) +c, 


thus 
xh! (x) . @&P\(logr) +2 


Sl: 
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According to Lemma 2.2, the double summatory function of v(i, 7) = A;(i)A;(J) is equivalent 
to h, namely, 
S> AF(AFG) ~ @Pi(logx), — (w 4 00). 


Vga 
ijEN 
From Lemma 2.1, we get 


(i) for any Riemann integrable function f : [0,1] > R, the following equality holds 


l a ue 2 
lin Spitogw Det (ES 40 AG ( =f FO 


(ii) if w : [0,1] > R is Riemann integrable, v, : [0,1] > [0,1],--- ,v, : [0,1] > [0,1] are all 
continuous functions, with v)(1)---vz(1) 4 0, the following equality holds 


. 1 a log; (77) log), (77) 2/2) \2/4 
jim. =P ene) DS w (4 v1 ( ees Us ice 7 (i)AF(I) 


tg<u 


1 
= w(t-v,-++up,)dt, 
0 


(iii) if vp : [0,1] > R is Riemann integrable, v; : [0,1] — R,--- ,vg : [0,1] > R are all 


continuous functions, with v,(1)---vgz(1) 4 0, the following equality holds 
: iy log (2) log, (#3) \ 27.) \2/; 
lim —~— 2 eed EE Vs, 
ete EP, (log) a - (2) 3 ( jog, J \ Tog, J OA) 


=v1(1)-- vu) f vo(t)dt. 


This completes the proof of Theorem 1.1. 


84. Applications of Theorems 


In this section we give the applications of theorems. 
Corollary For any function f : [0,1] > R such that t > tf(t) is Riemann integrable, 
the following equalities hold 


Jim i ae = ‘ [ ae 
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Proof. The statement follows from Corollary 7 (ii) in M. Banescu and D. Popa [2]. 
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81. Definition and simple properties 

For any positive integer n, the famous Smarandache LCM function SL(n) is defined as 
the smallest positive integer k such that n | [1,2,--- ,k], where [1,2,--- ,&] denotes the least 
common multiple of 1,2,--- ,k. 

Some elementary properties of S'L(n) can be found in [20]. 


M. Le [12]. For any positive integer n, let S(n) be the Smarandache function. Every 
positive integer n satisfying 


can be expressed as 


n= 12 or n= pt ps? +++ pe"D, 
where pi,P2,°°* ,Pr,p are distinct primes and ay, Q2,::: ,Q, are positive integers satisfying 


p> pe i= 1,2,--: ,r). 
Q. Wu [26]. Conjecture. There is no any positive integer n > 2 such that 


1 
s SL(d) 


is an integer, where S- denotes the summation over all positive divisors of n. 
dln 
1) Let n = p}*p5? ---p& be the factorization of n into primes powers, where py < po < 
-++ < pp. Ifa, =1, then the conjecture is true. 
2) For any integer n > 1, if SL(n) is a prime, then the conjecture is true. 
3) Let p be a prime and a be any positive integer. If n = p%, then the conjecture is true. 


4) If n is a square-free number (n > 1, and any prime p|n => p? { n), then the conjecture 
as true. 
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W. Zhu [42]. 1) For any integer n > 1, if 
3 1 
Th SL(d) 


is an integer, where Se denotes the summation over all positive divisors of n, then n is a 
d|n 
Square-full number (for any prime p, p|n => p? | n). 
2) For any odd number n > 1, if 


1 
s SL(d) 


is an integer, where S- denotes the summation over all positive divisors of n, then n is a 
d|n 
Cubic-full number (for any prime p, p|n => p® | n). 
3) For any integer n > 1 with (n,6) = 1, if 


1 
os SL(d) 


is an integer, where yi, denotes the summation over all positive divisors of n, then n is a 5-full 
dln 
number (for any prime p, p|n => p” | n). 


Conjecture. For any positive integer n, 


is an integer, where S- denotes the summation over all positive divisors of n, if and only if 
dln 
n= 1,36. 


L. Wu and S. Yang [25]. 1) Let p be a prime and n = 4p*. Then n = 36 if and only if 
se 1 
7 SL(d) 


is an integer, where S- denotes the summation over all positive divisors of n. 
dln 
2) Let n = Ap} ps? --- per be the factorization of n into primes powers, where py < po < 


1 
-< pp. Ifr > 2 and p, > 5, then ye SL(d) is not an integer, where S- denotes the 
d|n d\n 


summation over all positive divisors of n. 


G. Feng [7]. 1) For any real number x > 1, we have the asymptotic formula 


S~ 1= gies [1+0( 4) 
neN 
SL(n)<a 


bs 


where N denotes the set of all positive integers. 
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2) For any real number x > 1, let x(x) denotes the number of all primes p < x, then we 


have the limite formula 


neN 
SL(n)<a 


L. Zhang, X. Zhao and J. Han [34]. Let p> 17 be a prime. Then 


SL(2°+1)>10p+1, SL(2°—-1)>10p+1. 


§2. Mean values of the Smarandache LCM function 
X. Du [6]. Let k be any fixed positive integer. Then for any real number x > 1, we have 


the asymptotic formula 


x? xv? fi x? 
y SL(n) = Ar? +c Le +e + ep +o( i 
n<ux ‘Ine mine Key In*tl gy 


1 1 
where A = 5 S- Po and c; («= 1,2,--- ,k) are computable constants. 


P 
Z. Lv [19]. 1) Letk > 2 be a fixed integer. Then for any real number x > 1, we have the 


asymptotic formula 


| nd * ex? x 
SL(n) = = - — “+0 . 
Dd (n) 12 Inz + a In? x (mn - | 
where c; (t = 2,3,--- ,&) are computable constants. 


2) For any real number x > 1, we have the asymptotic formula 


nr? fi x? 
2d SU) = 5 ing? o( ) 


2 
oS In* x 


Y. Liu and J. Li [15]. For any real number x > 1, we have the asymptotic formula 


S/n SL(n) =xlnr+O(z2). 


n<u 
L. Cheng [5]. For any positive integer n, the arithmetical function Q(n) is defined as 
0, if n= 1, 
aypy + agp. +-+-+arpr, if n>1 and n= plps?--- per. 


Let k > 2 be any fixed positive integer. For any real number x > 1, we have the asymptotic 


formula 


S> A(n)SL(n) = S> = = +O (<r) 


n<a i=1 In 
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where c; (t = 1,2,--- ,&) are computable constants. 


Y. Zhao [39]. For any positive integer n, the arithmetical function Q(n) is defined as 
0, if n=1, 

aipy + agp. +--+ arpr, if n>1 and n= plps?--- pe. 

Let k > 2 be any fixed positive integer. For any real x > 2 we have the asymptotic formula 


Y sum Hey? = $68) Ere GE +0( ee), 
4=2 


n<u 


where ¢(s) is the Riemann zeta function and c; (i = 2,3,--- ,k) are computable constants. 
W. Lu and L. Gao [18]. For any positive integer n, the arithmetical function Q(n) is 
defined as 


0, if n=1, 
aipy + agp. +--+ arpr, if n>1 and n= plps?--- pe. 


Let k > 2 be any fixed positive integer. For any real x > 2 and 6 > 1 we have the asymptotic 


formula 
2641 k 2641 2B41 
= B 2 26+1 xn 2 CG: xn 2 xy 2 
SL(n) —Q = . . O | ———_ 
¥ (94m) — Mew) = sg) + +0 | Se |) 
where ¢(s) is the Riemann zeta function and c; (i = 2,3,--- ,k) are computable constants. 


X. Li [16]. 1) Let k be any fixed positive integer. For any real number x > 1, we have 


the asymptotic formula 


Gi x 
P(n)SL(n) = 23 - *_1+0 ; 
 Pin)sion) =2"- So +0 (Ser) 
where P(n) denotes the largest prime divisor of n, and cq (¢ = 1,2,---,k) are computable 


constants. 


2) Let k be any fixed positive integer. For any real number x > 1, we have the asymptotic 


formula 

S> p(n)SL(n) = 28 S32 o( a ) 

ee <=; ne In**1 
where p(n) denotes the smallest prime divisor of n, b; (i =1,2,--- ,k) are computable constants 
and by) = =. 


Y. Xue [27]. Let P(n) denote the largest prime divisor of n, and let p(n) denote the 
smallest prime divisor of n. For any real number x > 1 and any positive integer k, we have the 


asymptotic formula 


i In 


& Ci x3 
(Pin) ~vln))$4(n) = 6(8)-2° > +0 (ES), 


nN<u a 
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1 
where C(s) is the Riemann zeta function, cy = =, Gj (t = 2,3,--: ,k) are computable constants. 
J. Chen [4]. Let P(n) denote the largest prime divisor of n. For any real number x > 1, 


we have the asymptotic formula 


S> (SL(n) — P(n))? = 2¢ (3) o( : 


nes 5Ilnz In2 x 


where ¢(s) is the Riemann zeta function. 
L. Zhang and X. Zhao [33]. Let P(n) denote the largest prime divisor of n, and let 
k > 1 be any fixed positive integer. For any realx >1 and 8 > 1 we have 


5 sein) — Pine DE hc ro( i 


Wee (26+1)Inz i. In? x 
where ¢(s) is the Riemann zeta function and c; (i = 2,3,--- ,k) are computable constants. 
G. Lu [17]. Let d(n) = Ss 1 denote the Dirichlet divisor function, and let k > 2 be any 
d\n 


fixed positive integer. For any real x > 2 we have the asymptotic formula 


2 


wm oa Cx? x? 
S L(n)==- 4+) 
U(n)SL(n) = +0(—50). 


na 1=2 In‘ x 
where c; (t= 1,2,--- ,&) are computable constants. 
J. Peng, J. Guo, B. Li and X. Tuo [22]. Let d(n) = S- 1 denote the Dirichlet divisor 
d|n 
function, and let k > 2 be any fixed positive integer. For any real x > 1 we have the asymptotic 
formula 
qo we ex? x 
d(n)SL(n) = =: +0 
d note) 36 Ingx s » In’ & (=) 
where c; (t = 2,3,--- ,&) are computable constants. 
J. Fu and H. Liu [8]. Define o,(n) = soa a>. Let k > 2 be any fixed positive 


d|n 
integer. For any real x > 2 we have the asymptotic formula 


C (a +2) ¢ (2) xo? 3 3 cin? ( gee ) 


(2+a)Ina In®t1 + 


S > aa(n)SL(n) = 


nN<ax 


i=2 
where ¢(s) is the Riemann zeta function and c; (i = 1,2,--- ,k) are computable constants. 


W. Huang [10]. For any positive integer n, define 


0, if n=1, 
F(k,n) = t 

apt +a2ph+---+arpk, if n>1 and n= pf ps?---per. 
Let N be any fixed natural number. For any real x > 1 we have the asymptotic formula 


k 2 k+l MG aie 
» (SL (n) _ F(k,n)) =f S- ns + O int? ; 
i=1 


n<ux 
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mq 
where c; (t= 1,2,--: ,k&) are computable constants and cy = — 
Q. Zhao and L. Gao [36]. For any positive integer n, the prime factor sum function 
tw(n) is defined as 
1, if n=1, 
w(n) 
Pitpot-:--+pr, if n>1 and n= pt ps?---per. 
For any real x > 2 we have the asymptotic formula 
3 3 
x x 
S¢ SL(nyw(n) = D— +0 (=) ; 
Inz ihe 
n<ux 
4 dy x3 bl 
where D = 3 S- ne as a computable constant. 
nSVu 
Q. Zhao, L. Gao and L. Ai [37]. For any positive integer n, the prime factor sum 
function W(n) is defined as 
Ls if n=1, 
w(n) = : 


Pitpot-:::-+p,, if n>1 and n= py ps? --- per 


For any real x > 2 we have the asymptotic formula 


5 2 : Cn? © 
YF (SE(n) — win)? = Ly 5 o( -). 


ee Sina In’ x In*+} 
where ¢(s) is the Riemann zeta function and c; (i = 2,3,--- ,k) are computable constants. 
M. Zhu [41]. 


Let k > 2 be any positive integer. 


For any real x > 1 we have the 
asymptotic formula 


Be ies x 

A(n)SL(n) = x? — + O ( ) , 
Ae al are reer 
; 1 

where c; (t = 1,2,3,--- ,k) are computable constants, cy = =, and 

Inp, if n=p%, pis a prime, a> 1, 
One p, if p*, pisap 
0, otherwise. 


B. Li, J. Guo and J. Peng [13]. Define a function SM(n) as follows: 


if n=1, 
max{aip1,Q2p2,:°:,Qrpr}, if n>1 and n=p{'ps?---per. 


Let k > 2 be any fixed positive integer. For any real x > 2 we have the asymptotic formula 


2 2 5\ 22 b Cin? x2 
© (SH(0) - SM (n) =i G)eet rol. :): 
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where c; (t = 2,3,--- ,k) are computable constants and ¢(s) is the Riemann zeta function. 
Y. Yang and G. Ren [32]. Define a function SM(n) as follows: 


iff n=1, 
max{a1p1,Q2p2,°°:,arpr}, if n>1 and n=p{f'ps?---per. 
For any real number x we have the asymptotic formula 


2 2 5\ x2 x2 
¥ (sun) — sun)? = 2¢(3) o( ) 


n<u 


where ¢(s) is the Riemann zeta function. 
X. Wang and L. Gao [24]. For any positive integer n, the famous pseudo-Smarandache 
function Z(n) is defined by 


2(n) = min {m: n| ment) ment. 


Let k > 2 be any fixed positive integer. For any real x > 2 we have the asymptotic formula 


k 
Cis) a ea? ne 
Z(n)SL(n) = Eee) 
DL 2e)sE0) = SEE + ee +0 (aa 
where C(s) is the Riemann zeta function and c; (i = 1,2,--- ,k) are computable constants. 


L. Zheng and L. Gao [40]. Let S(n) denote the Smarandache function and let o,(n) 


denote the divisor function oa(n) = a d*,a>1. Let k be any fixed positive integer. For any 
d|n 
real or complex number a and real number x > 3 we have the asymptotic formula 


a+: 5) pats k caret gots 
S~ ca(n) (SL(n) ~ $(n))? i 2¢ ( a uc) | oe ; + O (=| ; 


n<ux 


where ¢(s) is the Riemann zeta function and c; (i = 2,3,--- ,k) are computable constants. 


§3. Mean values of the Smarandache LCM function over sequences 
k(k+1 
H. Liu and S. Lv [14]. Define Z(n) = min fk in< ah, Let k > 2 be any fixed 
positive integer. For any real number x > 1, we have the asymptotic formula 


_ a? (2n)3 * ¢(2x)? x 
De PAD) gag oo ata o( ers} 


nx 1=2 


where c; (t = 2,3,--- ,&) are computable constants. 
J. Chai and L. Gao [1]. Define U(n) = min{k:n < k(2k—1),k EN}. Let k > 2 be 
any fixed positive integer. For any real number x > 1, we have the asymptotic formula 


S~ SL(U( pL: COLaN > (20) 4 ore 
7 ~ 144 In Vv 2x = In’  / 2x Viale ae id 


nx 2 
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where c; (t = 1,2,--- ,&) are computable constants. 
J. Chai, L. Gao and L. Tuo [2]. Let P(n) denote the largest prime divisor of n, and 
let k > 2 be any fixed positive integer. For any real number x > 3, we have the asymptotic 


formula 


5) gf af 2y$ 
S> (SL(ax(n)) — (k — 1)P(n))? = 26 (3) ies +0 +0 € 


In? x Ing 


where ¢(s) is the Riemann zeta function, and a,(n) denotes the k-th power complements of n. 


W. Huang [9]. Define 


m(m—1)(r—2):n<m4 


u,(n) = min f m+ 5 m(m — 1)(r — 2),r Nr> sh 


up(n) = mac {m+ smn 1)\(r — 2) :n >m+=m(m — 1)(r - 2),r Nr eah 


Let k be any fixed positive integer. For any real number x > 1, we have the asymptotic formula 


7 2(r — 2)x)2 ¥ e:(2(r — 2)x)3 x 
ees oe = +p Se 0 (Se). 


n<ux In 


2 r— 7) k G; r— ya ve 
Suite = i a S ele es +0 (<r), 


n<ux 


where c; (t = 1,2,--- ,&) are computable constants. 
Z. Lai [11]. Define 


pa(n) = I[4 qa(n) = II d. 
d\n d| 
d<n 


Let k > 2 be any fired positive integer. For any integer « > 1, we have the asymptotic formula 


ng? 7 Gx? fa 
d_ SL (pa(n)) ~ 72Ine | ne ; +0 (cer): 
j=2 


cee In’ x In 
k 
(x4 — 120?)x? djx” ri 
S SL = ) — +O ; 
o (qa(n)) 72ln2x = In? fs In**1 x 


where c; (t = 2,3,--- ,k), d; (¢ = 2,3,--- ,k) are computable constants. 
X. Zhao, L. Zhang, H. Xu and R. Guo [38]. Let A denote the set of the simple 


numbers. For any real number x > 2, we have the asymptotic formula 


k+1 k+1 k+1 
S Sihn) = a go +0(2 i 


col k+1)Inz (k+1)?In?2 In? ax 
neA 

1 Ey/z\n1 
Tg = Dns + Beh 9 (VE), 
= SL(n) Ina Inx 


neA 


where k is a nonnegative real number, and B,C, D,E are computable constants. 
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84. Other functions and sequences related to the Smarandache LCM function 
X. Pan [21]. Define L(n) = [1,2,--- ,n]. For any positive integer n, we have the 


asymptotic formula 


3|[F 


where II denotes the production over all prime p < n?. 
pgn? 
For any positive integer n, the famous Smarandache LCM dual function is defined by 


SL*(n) = max{k EN: [1,2,---,k] | n}. 


—— SL* 
C. Tian and N. Yuan [23]. 1) For any real number s > 1, the series ) Be 0D) is 
ns 
n=1 
absolutely convergent, and 


SS SL*(n A (p* — 1)(p? — 1 
d, ( =) oy oe 


a=1 p 


where ¢(s) is the Riemann zeta function, S- denotes the summation over all primes. 


Pp 
2) For any real number « > 1, we have the asymptotic formula 


S- SL*(n) =cx +O (In? x), 


n<ux 
cae (cee 1 
where c = S- ee is a constant. 
a=t [ 54,°°° 4p ] 


P 
B. Chen [3]. Let w(n) denote all the different prime factor numbers of n. For any 


positive integer n, 


[S52 @4+1=2" 
dln 


has solutions if and only if n = p*, where a> 1 and p> 3 is a prime. 


For any positive integer n, the dual function of Smarandache LCM function is defined by 


5Lin) i, if n=1, 
n)= 
min{p{",p5?,-°: per}, if n>1 and n= pf'p>?--- per. 


X. Yan [28]. For any real number x > 1, we have the asymptotic formula 


SE(n)_ et suns), 


2 
In* x 
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H. Zhao and Z. Ye [35]. 


1) Let k be any fixed positive integer. For any real number 
x > 1, we have the asymptotic formula 


Yan ro(, = Ms 


k+1 
nee =, ie Tatar 


1 
where c; (4 = 2,3,--- ,k&) are computable constants, and cy = 


2) Let p(n) denote the smallest prime divisor of n, and let k be any fixed positive integer. 
For any real number x > 1, we have the asymptotic formula 


5 5 
ay 2 Civ 2 L2 
SL(n) — p(n —+0O]——— ], 
2 (n) ~ pl )) 2 In’ x (| 
: 2 
where c; (t = 2,3,--- ,k) are computable constants, and c, = = 
X. Yan [29]. 


Let p(n) denote the smallest prime divisor of n, and let k be any fixed 
positive integer. For any real number x > 1, we have the asymptotic formula 


k 5 5 
DSL (n) - on)" = SI +0 (= -] : 


4 
where c; (t= 1,2,--- ,&) are computable constants, and cy = = 
Y. Yang [30]. 


Let p(n) denote the smallest prime divisor of n, and let k be any fixed 
positive integer. For any real number x > 1, we have the asymptotic formula 


a2 & oS ea? ee 
S— p(n) In SL(n) = = 4 “ +o( ‘ ). 
oes De na In” x 
where c; (t= 1,2,--- ,&—1) are computable constants. 


¥. Yang 21}. 1) Dfne 20) = nin {kn < MEE) 


. For any real number x > 1, 
we have the asymptotic formula 


S> SL(Z(n)) -SE(Z(n)) = 2, A (=) 
2) Define Z(n) = min fim < sett. 


For any real number x > 1, we have the 
asymptotic formula 


SL(Z(n)) 2x +40 ("*) 
In* x 
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81. Definition and simple properties 
For any positive integer n, the Smarandache double factorial function Sdf(n) is defined as 


the smallest positive integer m such that n | m!!, where 


2x4x---xm, if 2|m, 
m!! = (1.1) 
1x3x---xm, if 24m. 


By the definition of Sdf(n), it is easy to show that Sdf(1) = 1 and Sdf(n) > 1lifn> 1. 
M. Le, Q. Yang, T. Wang, H. Li gave many properties for the value of Sdf(n). 
M. Le [7]. 1. If2{n and 


— p21 2 ak 
n=Pp, Po “t+ Dy, 


is the factorization of n, where pi,p2,...,pe are distinct odd primes and aj,a2,...,a,% are 


positive integers, then 


Sdf(n) = max (Sdf(p"*), Sdf (p5?),..., Sdf (pz*)) - 


2. If2|n and 


n= 2°n4, 


where a,n1 are positive integers with 2{n1, then 
Sdf(n) < max (Sdf (2°), 2Sdf(n1)). 
3. Let p be a prime and let a be a positive integer. Then we have 


p | Sdf(p*). 
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4. Let p be the smallest prime divisor of n. Then we have 
Sdf(n) 2 p. 
5. The equality 
Sdf(n) =n 
holds if and only if n satisfies one of the following conditions: 
(i) n=1,9. 
(ii) n =p, where p is a prime. 
(iii) n = 2p, where p is a prime. 
6. Let p be a prime, and let N(p) denotes the number of solutions x of the equation 


Sdf(x) =p, c EN. 


For any positive integer t, let p(t) denotes the t—th odd prime. if p = p(t), then 


t-1 


N(p) = J [ (al) + 0), 
i=1 
where 
OD (lave - [Spay |): ent 
7. Let a,b be two positive integers. Then we have 
Sdf (a) + Sdf(b), if 2|a and 2|b, 
Sdf(ab) < ¢ Sdf(a) + 2Sdf(b), if 2\|a and 2¢b, 


2Sdf(a)+2Sdf(b)—1, if 2a and 2b. 
8. For any positive integer m,n,k, all the solutions (m,n,k) of the equation 
Sdf(mn) = m* x Sdf(m) 


are given in the following four classes: 
(i) m=1,n and k are positive integers. 
(ii) n=1,k =1,m=1,9,p or 2p, where p is a prime. 
(iii) m = 2,k =1,n is 2 or an odd integer with n > 1. 
(iv) m=3,k =1,n=3. 
9. For any positive integer n,k withn >1,k >1. The equation 


(Sdf(n))* =k x Sdf (nk) 


has only the solutions (n,k) = (2,4) and (3,3). 
10. The equation 
Sdf(n)! = Sdf(n!) 


has only the solutions n = 1, 2,3. 
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11. For any positive integer n, we have 


Sdf(n!) < n, Ff n=1,2, 


2n, if n>2. 


Q. Yang, T. Wang and H. Li [20]. 1. For any positive integer n, we have 


n, if n=1,2, 
Sdf(n!)< 4 2%n—-1), if n=2%a>1, 
2n, otherwise . 
2. The equality 
Sdf(n!) =n 


holds if and only if n = 1, 2,3. 
3. For any positive integer n, we have 


ot sacs 
Sdf(n!) — n 


Sdf (n!) 


4. For any ¢ > 0, there exists no positive integer n such that ———— <e 
n 


5. For any positive integer n, we have 


Sdf(n), if n=1,2, 
Sdf (Sdf(n!)) = ¢ Sdf(Q(n—1)), if n=2%,a>1, 
Sdf(2n), otherwise . 


The properties for Sdf(2n) have also been studied. 
6. If2{n, and 
= py" Py? Py, 
where p1,p2,---,;Pp are distinct odd primes and a1,Q9,...,4% are positive integers, then 


Sdf (2n) = 2max (Sdf(p"), Sdf(p$?),..., Sdf (pZ")) . 


7. If2|n and 


n= 2°n, 
where a,n1 are positive integers with 2441, then 
Sdf (2n) < max (2Sdf (2%), 4Sdf(n1)). 
8. Let p be the smallest prime divisor of n. Then we have 
Sdf(2n) > 2p. 


9. the equation 
Sdf(2n) = 2n 
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holds if and only ifn =1 orn be a prime. 
Many problems and conjectures proposed by Russo have been stuied by M. Le, it is as 
follows. 
M. Le [7]. 1. For any positive integer n, we have 
Re tt 


Sim 8°" 


2. Ifn = (2r)!!, where r is a positive integer with r > 20, then 
Sdf(n) < n°". 


By the above inequality, the following conclusion has been proved. 


3. Ifn = (2r)!!, where r is a positive integer with r > 20, then the inequalities 


Sdf(n)_ 1 1 i. is, 1 
nn? ax Sdf(n) See | Sdf (n) <A 


are false. 


4. For any positive integer ¢, there exist some n such that 
Sdf(n 
fn) 
n 


5. The difference |Sdf(n +1) — Sdf(n)| is unbounded. 
6. The following infinite series satisfy 


7. The following infinite product satisfy 


ae | 
P= [sam sa 


§2. Mean values of the Smarandache double factorial function 
C. Dumitrscu and V. Seleacu [1]. For any real number x > 1, and any fixed positive 


integer k, then 


x x Gx? x 
¥ (sarin) - Py? = + SS 4 0(—), 


k+1 
n<u 1=2 log a 


where P(n) is the largest prime factor of n, ¢(n) denotes the Riemann Zeta-function. c;(t = 
1,2,...,k) are computable constants. 


J. Gao and H. Liu [4]. 1. [fx > 2, then for any positive integer k we have 


it cea seh x 
2 ™ 
S~ Ai(n)Sdf(n) = x € pe cats | +0( 2). 


n<ux 
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where 
logp, if nis a prime p, 
Ai(n) = 
0, otherwise . 
and a,(m = 1,2,...,4 —1) are computable constants. 


2. Ifa > 2, then for any positive integer k we have 


Y Amsarin=2"($ 4 Ss ) +O 


nN<ux 


where A(n) is the Mangoldt function. 
Z. Xu [18]. Let P(n) denotes the largest prime factor of n, S(n) denotes the smallest 
positive integer m such that n | m! ( S(n) is called the Smarandache function), then for any 


real number x > 1, we have the asymptotic formula 


57 (8{n) — Pm)? = 6D of iF 


3lnza 


n<ux 


where ¢(n) denotes the Riemann Zeta-function. 
J. Wang [12]. 1. For any real number x > 1 and any fixed positive integer k, we have 


the asymptotic formula 


2 ¢(3) x & Gx? x? 
Y (Sarin) — Pry? =O -0( Sars). 


n<ux 1=2 


where all c; are computable constants. 
2. For any real number x > 1 and any fired positive integer k, we have the asymptotic 


formula 


2 3) 2? a CG 2? x? 
Y= (Sdf(n) — S(n))? = ae) ot | o( ar) 


a 
na 1=2 Ine 


H. Shen [10]. 1. For any real number x > 2 and any fixed positive integer k, we have 


the asymptotic formula 


elnaz zlnaz 
os Pane) InIng © - (i) 


n<u 


J. Ge [5]. For any real number x > 1, we have the asymptotic formula 


2 (sarin) - 5+ EN" pom) i Pope +o a ‘ 


nN<ux 


where all c; are computable constants. 
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X. Wang [13]. For any positive integer k > 4, there exist infinite number of positive 


integer arrays (m1,mM2,...,Mx) satisfy the following equation 
k k 
Saf([[ mi) = > 7 Saf (mi). 
i=1 i=1 


B. Zhang [22]. 1. For any real number x > 1 and any fixed positive integer k > 2,r, we 
have the asymptotic formula 
C(k 7 1) ght1 T ck th ght 
Sdf(n) — P(n))* = —+0 
do Say FO)" = Geni) tae as ie FT, 


aca rms In’ x In 


2. For any real number x > 1 and any fixed positive integer k > 2,r, we have the asymptotic 


formula 


nr O(k+ 1) kt us cgaktt ghtl 


X. Fan, X. Zhu and X. Yan [2]. 1. For any real number x > 2 we have the asymptotic 


formula 


S- In Sdf(n) = alnz + O(a). 
n<u 
2. For any positive integer n > 1, we have 
In Sdf( 
2 2 wie a 1 
n Inn 


3. For any positive integer n > 1, we have 


= In Sdf (k) 
k=2 Ink 


lim =i, 
noo 


4. For any positive integer n > 1, we have 


Sdf(n) 1 
= — 1 
O(n) Oe , 
where 0(n) = S~ In Sdf(k 
k<n 
5. For any positive integer n > 1, we have 
Sdf(n) _ 


M. Zhu [24]. For any real number x > 2, we have the asymptotic formula 


a2 2 
S° Sdf(n) = 72 +0(5 ): 


ee In* x 
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X. Fan and X. Yan [3]. For any real number x > 2 and any fixed positive integer k, 
we have the asymptotic formula 


2 k 2 2 
x ein x 
Sdf ( —+0O 
Ss if(n ae “Ina a — ln (<a>) ; 
nN<x 1=2 
where e;(¢ = 1,2,...,&) are computable constants. 


The famous pseudo-Smarandache function Z(n) is defined as the smallest positive integer 
m such that n < m(m + 1)/2, that is Z(n) = min{m:m € N,n < m(m +4 1)/2}. 
W. Lu, L. Gao and H. Hao [8]. For any real number x > 1 and any fixed positive 


integer k > 2, we have the asymptotic formula 


a (2a) 2 * a;(2x)? x2 
YSU) = a5 i ag » yop (<r). 


n<x 


where a;(i = 1,2,...,k) are computable constants. Specifically, when k = 1, then for any real 


number x > 1 we have 


1? Qn) 3 x2 
S° Sdf(Z(n)) = Te a +0 (= 


n<ux 


L. Wang [11]. The function U(n) is defined as the smallest positive integer k such that 
U(n) = minfk: k € N,n < k(2k—1)}. For any real number « > 1 and any fixed positive 


integer 7 > 2, we have the asymptotic formula 


nm? (2x)? nb; (2x)? v3 
Saf( pe IE egy 
bs e(U ~ 144° In /2x Ds In’ 2x Initt 


n<u 


where b;(i = 1,2,...,k) are computable constants. 
W. Huang [6]. 1. The famous pseudo-Smarandache function U,(n) and U(n) are defined 


as 


U(n) = min {mim eN*n< m4 m(m—1)-(r—2),r Nt real, 


1 
2 
Un) = max {m: meNtn>m+5m (m= Dat = 2),9 Nt raat 


For any real number x > 1 and any fixed positive integer k > 2,r > 3, we have the following 


asymptotic formula 


_ bm? (Qa)? | di(Qx)? v2 
d_ Saf (U-(n)) ee, In V22 Dios o( tr) 


nN<u i=2 
57 Saf(U(n)) Sm? 2a)? | ya er(2a)? | Gf _ai 
nr = = ; ’ 
ep T2/r—2 InvV2e as In’ /2x In*tl yg 


where dj, e;(t = 1,2,...,&) are computable constants. 
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2. Forr =6 we have 


57 (2a)? : fi(2x)2 x2 
S> Sdf(U.(n)) 144° nae +5 iy | O (<tr | ) 


nN<u i=2 In ue 
5a? (2a)? Q hj(2x)? x2 
Sdf(U(n)) = —- + +O 4 
a if(U(n)) 144 InvV2ex » In’ /2x Inttl gy 
where fi,hi(i =1,2,...,&) are computable constants. 


3. The pseudo-Smarandache function Z,(n) and Z(n) are defined as 
-—1 
Z,.(n) = max {1m :>meéENt,n<m+ ml 
-—1 
Z(n) min {1m :>meENt n>m+ mh 


For any real number x > 1 we have the following asymptotic formula 


Br? (Qar)2 x 
> Sdf(Ze(n)) = FR i Oe o( 7), 


nee In 
5n2  (Qr)2 x 
S¢ Sdf(Z(n)) = iO ( ; 
res 18 InvV/2z In? x 


W. Lu and L. Gao [9]. 1. For any real number x > 2 and any fixed positive integer 
k > 2,r, when 6 > 1 we have the asymptotic formula 


Y= (Sdf(n) — P(n))? = 


n<u 


C(B +1) «Att 3 ayxot} wb+1 
2+1(8+1) Ing In' x In®*4 g J 
where all a; are computable constants. 

2. Let k be any fixed positive integer , k > 2, then for any real number or complex number 
a and any real number x > 2, when 6 > 1 we have 


cl Bs 2°)¢(8 as 1)¢(8 +1— ) ght k b; B+1 B+1 
2 EET @ APO) = 2h NO Fl) ae Ina Ee - a (Sar) 


nN<ux i=2 In' x 


where 6q(n) is the divisor function, and all b; are computable constants. 


§3. Mean values of the Smarandache triple factorial function 

For any positive integer n, the Smarandache triple factorial function d3;(n) is defined to 
be the smallest integer such that d3,/(n)!!! is a multiple of n. 

Q. You [21]. 1. Ifa > 2, then for any positive integer k we have 


Se seonion=(3+ 5 cea) + (era) 


n<ux 
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where 
logp, if nis a prime p, 
Ai(n) = 
0, otherwise . 
and a@y(m = 1,2,...,4—1) are computable constants. 


2. Ifa > 2, then for any positive integer k we have 


T simadyiny =28(5 + ee ) -o( z ) 


n<u 


where A(n) is the Mangoldt function. 


$4. The dual function of the Smarandache double factorial function, and other 
generalizations 


The analogue of Smarandache double factorial function is defined as 
Sdf\ (2x) = min{2m EN: 2a < (2m)!!}, a € (1,00), 


Sdf\ (2x +1) = min{2m+1eEN: (2x41) < (Qn41)!},a € (1,00), 


which is defined on a subset of real numbers. Clearly Sdfi(n) = m if x € ((m— 1)!!, m!!] for 
m > 2, therefore this function is defined for x > 1. 
M. Zhu [23]. For any real number x > 2, we have 


S— Sdfi(n) 


~ Inlna 
n<ux 


_2xlne | (atraitninina)) 


N. Yuan [19]. 1. The Smarandache t—factorial function S;(t,n) is defined as the 


smallest positive integer m such that m!; is divisible by n*, that is 
S;,(t,n) = minf{m € N: n¥ | mii}, 
where m!; denotes 
mi =m x (m—t)x--+ x (+ %) x i,m =i(mod t),7=0,1,...,t-1. 
For any real number x > 2 and any positive integer t, we have the following asymptotic formula 


Woe e524 O(az), #214 


z 
Si,(t,n) a 2 Ina In? a 
Xu eee a -O (::) if 24. 


2. For any real number x > 2 and any positive integer k, we have the following asymptotic 


formula 


Y~ Se(1,n) = > Sin) = us = o( a ). 


na n<a 
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3. For any real number x > 2 we have 


12 2 2: 
Y Si(2.n) =} Safin) = +40 (=) | 


n<ux n<ux In" x 


The dual function of the Smarandache double factorial function $**(n) is defined as 


S**(n) max{2m : (2m)!! | n,m € NT}, n be an even number , 
n) = 
max{2m—1:(2m—1)!!|n,meNtT}, n be an odd number , 
where 
(Qm)!! = 2x4x---x (2m), 
(2m—1)!! = 1x3x---x (Qn-1). 


Y. Wang [14]. 1. For any complex number s, when Re s > 1, we have ~~, An) Sn) 


is a convergent series, and 


ok / -1 —1 
se OED (n De ot ¢’(s) | In2 i. 2 1 1 | 21n3 1 1 . 
= ¢(s) 28 228 28 36 36 
where ¢(s) denotes the Riemann Zeta-function, ¢'(s) is the differential coefficient of ¢(s). 


2. For any complex number s, when Re s > 1, we have 


am (( yy oe 2) a, 


let s = 2,4, we have the following equations 


s A(n)S**(n) «6 Inn 3ln2 In3 

— n2 "a2 cca] n? Bia os oA 
5 ee) — 90 “Inn 431n2 In3 
Faas n4 "a4 = nA 640 ° 40° 


Y. Wang [15]. 1. For any real number « > 1, we have 


iret (e373 ema)" °( (ais) 


n<ux 


2. For any real number « > 1 and k > 0, we have 


1 3 2 1 Ing \* 
ky arx 3 1/2 | k+1 k 
de n'(S™*(n)) ca (ue 2 ae a omen) +o(2 (ans) ) 


n<ax 


3. For any real number x > 1 and k > 1, we have 


Co 


(s(n) 1 123 1 Ik -4 (ne \" 
a 14e ! 
Deer: ibe ps Oren Cle ee 
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Y. Wang [16]. For any real number x > 1, we have 


Disw'=F2+0( (tes) )) 


n<u 


Y. Wang and T. Wang [17]. 1. For any real number x > 1 and any fixed number 


1>0, we have the asymptotic formula 


1 = 1 Inz \° 
l ek 4_ 1/2 141 l 
S_ ni(s**(n)) aa 40 (105 + 64e AD ean =i)" +04 (=<) 1, 


n<ux 


2. For any real number x > 1 and any fixed number | > 0(1 #1), we have 


(S**(n))t - gacti2 ay So e 1 (Inz_\° 
— ote (82) Gar il)® se (aan rama Im 


3. For any real number x > 1 we have 


> (S**(n))4 = 5 (105 + 646" + 32 x orea)e+o( (2), 


n<ux m=1 


4. For any real number x > 1, we have 


(S**(n))* 1/2 ~ 1 1 _1f Inz \° 
ae Ae 2 b 4 , 
3 n3 Oper ene es x (2m + 1)!! fa InIng 
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81. Smarandache simple function 

For any prime p and any positive integer k, let S,(k) denote the smallest positive integer 
such that p | S,(k). Then S,(k) is called the Smarandache simple function of p and k. 

M. Le [13]. For any p and k, we have p | Sp(k) and k(p— 1) < Sp(k) < kp. 

M. Zhu [30]. On the subset of real numbers, we define additive analogues of Smarandache 


simple function S,(x) as follows: 
S,(z) = min{m € N : p* < m!},a € (1, 00), 


Si (x) =max{m € N:m! < p*},a € [1, 00). 


1. For any real number x > 2, we have 


l In] 
Sy(a) = FF +0 (=e*). 


Ing In? x 


Obviously, we have 


Sei 1 ey Hee are) a), 
: St(z), if e=(mt1)! (m21). 


2. For any real number x > 2, we have 


S*(a) = xlnp LO es) . 


In? x 
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M. Zhu [31]. Define additive analogues of Smarandache simple function 


Sp(n) = min{m € Nt :p"” < ml!},_ ne€ (1,00), 


S,(n) = max{me Nt: ml! <p}, ne (1,00). 


1. Let p be a fixed prime, for any real number x > 1, we have 


2 2 2 
na x inp 2a In p | x . = 
S- ” (5 (n)) = 3 In?a In ( Ing +O In2 2)? if ON 
oN - C(a+1) 2°+1e%t1 In® p In 2eInp\ , O eottl if & a 1 
nsx a+l Inett ge Ing ' Inet!» } ? (i 


2. Let p be a fixed prime, for any real number x > 1, we have 


nw? a? Inp 2a In p \ x? : =— 
S- (x (n)) os 3 In?a In Ina +O In? a}? if On 
ON'P _ C(at1) 2¢t++e¢F1 In® p In 2aInp\ | O oot if oO va 1 
n<x atl Inetl ¢ Ing ' Inett gy }? . 


H. Liu [14]. On a subset of real numbers, we define additive analogues of Smarandache 


simple function p(x) as follows: 
p(x) =min{m € Ny: p” < ml}, «x € (1,00), 


p(x) =max{m € Ni :m!<p*}, «x € [1,0). 


1. For any real number x > 1, we have 


a+1) ¢?t* In® ain Pikeg ; 
set) are [im = — O [<2 =| ) af a> 1, 
So ca(p(n)) = nae Aap [in ena 3] + O(x£lnz), if a=1, 
nsx at+l1) 2*~* In® xin x : 
7 seth ate [in re] ad O ] ) af O0<a<l. 


where ¢(s) is the Riemann zeta-function, o.(n) is the divisor function. 


2. For any real number x > 1, we have 


a+1) 2°*! In® ain ae . 
soe ete [in tee a +O econ =| ’ of a> 1, 
s; Oa(p*(n)) = a ae [in [ez] 3] + O(xlnz), if a=1, 
n<e atl) 2*t In® alin x x 
< SCF) oh F tap [in te mal sO), fi eae eal 


H. Liu [15]. 1. Let p be a fixed prime, then for any real number « > 1, we have 


S- d(p(n)) = «(Ina — 2InInz) + O(alnp). 
n<u 
2. Let p be a fixed prime, then for any real number x > 1, we have 


Ss d(p*(n)) = x(Inz — 2InInz) + O(xInp). 


n<ux 
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H. Liu [16]. 1. Let p be a fixed prime, for any real number x > 1, we have 


S> d(p(n x(Ina — InInz) + o(2). 


nN<u 


2. Let p be a fixed prime, then for any real number x > 1, we have 


SS d(p* a(Ina —InInz) + o(a). 


n<ux 


H. Liu and M. Zhu [17]. 1. Let p be a fixed prime, then for any real number x > 1, 
we have 


S> d(p(n z(Inz — 2InInz) + O(2). 


n<x 


2. Let p be a fixed prime, then for any real number x > 1, we have 


S> d(p" x(Inz —2InInz) + O(z2). 


n<ux 


§2. Smarandache summands function 
For any positive integer n and fixed integer k > 1, define Smarandache summands function 
S(n,k), AS(n,k) as follows: 
S(n,k)= > (n—ik), 


In—kil<n 
i=0,1,2--- 


AS(n,k)= YS > |n— ikl. 
|n—kil<n 
i=0,1,2:-- 


J. Wang [25]. 1. For any complex number s with Re(s) > 2, then 
Sek Dial easy Ls ee: ¢(s) 
—— } S 
en eee ee ae ae Br et | 


where ¢(s) is Riemann zeta-function. 


2. For any complex number s with Re(s) > 3, then 


Sy 58) = Ft - a] co) +3 [i - 2] ce 


n=1 


Specifically, if s = 4, then 


> S(n?,8) 1? 54 
~~ nt 32° 604" 


3. For any compler number s with Re(s) > 3, then 
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Specifically, if s = 4, then 


4. For any complex number s with Re(s) > 3, then 


yo) i E i Jet 2) 4 2 E ao 


ns 3 


n=1 


Specifically, if s = 4, then 


Ss S(n?,6) 4m? 16x4 
x BL 2187 


5. Let p> 2 be a prime, for any complex number s with Re(s) > p, then 


See _2 F pan se edad c ) E 1] c() 


Pp 


Y.Zhao [32]. 1. Let k > 1 be a fixed integral number, then for any integral number 


xz >1, we have 


_4\k 
S- 5(n,k) = ‘ f aa Z je + R(x, k), 


nN<u 
where |R(x,k)| < 2k? + *£a. 
2. Letk > 1 be a fixed integral number, then for any integral number x > 1, we have 


15,1], 7+C1*) 2, 
S © AS(n, k) => 3h” T 4 f T ok x T Ri(a,k), 


n<u 


where |Ri(a,k)| < tk? tka or aaree 


J. Chen [1]. 1. For any complex number s, if Re(s) > 3, then 


SAS 
‘ (7) _ 2¢(s 2) 4 satel 1), 
n=1 


where ¢(s) is Riemann zeta-function. 


2. For any complex number s, if Re(s) > 5, then 


y = 5s 4) 4 F ! | el 2) 4 E ! sa] 1 | 


Specifically, if s = 6, then 


n4 ss 48. «#5760 43008" 


3 AS(n?,8) 1?  49n4 7 
n=1 


3. For any complex number s, if Re(s) > 5, then 


5 Ae Tepe Peck] wen et ha )em 


n> 


n=1 
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Specifically, if s = 6, then 


3 AS(n?,4) 1? | 17x* a 
nt ~ 24 * 2880 ' 3840° 


n=1 


4. For any complex number s, if Re(s) > 5, then 


ee a E is | 2) 4 ar | 6 


ns 3 


n=1 


Specifically, if s = 6, then 


3 AS(2n?,6) 7? | 83n4 | 14567° 
= ~ 9 © 10935 © 2066751" 


5. Let p> 2 be a prime, for any complex number s with Re(s) > p, then 


$A fh aeominelind] fl ptaeoomone Bem 


n=1 


W. Huang [9]. Let n,k > 1 are two integers, m > 0 is a fixed integer. Then we difine 


Smarandache summands function AS(n,m,k) as follows: 


AS(n,m, k) YS ba 


Letk > 1 andm > 0 are fixed integral numbers, for any arbitrary integral number x > 1, 
then we have 


S~ AS(n,m,k) = ag R(a,k), 


n<ux 


a 2 
where |R(x,k)| < a un (oe +m + se OE : Ta )t- 


83. Smarandache power function 
Define Smarandache power function S'P(n) as follows: 


SP(n) = min{m:n|m™,me N}. 
Z. Xu [27]. 1. For any real number x > 1, we have 
SP = 50? +0 (a), 
Xs) = 3°10 see9) 
where II denotes the product of all prime, € is an arbitrary positive number. 


P 
2. For any real number x > 1, we have 


S- o(SP(n)) = 52 II (1 2 soni) +0 (x}+*) ; 


n<ux 
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where @ is Euler function. 
3. For any real number x > 1, we have 


ht 127 — 2¢/(2 i 
S~ d(SP(n) ae +( is 6 eet ’\ 240 (ei), 
Tv 


Tv 


nN<u 


where d(n) and ¢(s) denote Dirichlet divisor function and Riemann zeta-function, respectively, 


y is Euler constant. 
H. Zhou [33]. For any complex number s with Re(s) > 1, we have 


241 1 rae 
SoHo) a er 
= HAM) 2°41 1 25-1 PRES 
: (SP(n*))s 2°—1 C(s) 4a) ne 
i yes Came 2°-1 , 3%=-1 . -_ 
25-1 Cs) me + or, f k=4,5, 


where y(n) denotes the mdbius function. 
Specifically, taking s = 2 and 4, we deduce that 


co 1 4, of k= 1, 2, 
S- (-1)"" h(n) _ 10. 3 if k=3 
‘ (SP(n*))? m2 16? ’ 
eS 1 ; = 
19 _ B48 yf h=4,5. 
and 
love) 1 10 | if k = 1, 2, 
SS ele a) = 102. 15 if ee 
, SP HR)): vt 3 7 
i 102 1 : 
ve -ostee if k=4,5. 
Y. He [10]. We have 
h(n) z+ 
SEela 
apy PTO le 
n<u 
(n) =k +0 (ad), 
) BPR (n) 
B. Cheng [2]. We define the Dirichlet ee function for the Smaracdache power 
sequence as following: SD(n) = 0%(SP(n)), where o;(n = a is the divisor functions and 
dn 
k>0. 


Let k be any real number with k > 0, then for any real number x > 1, we have 


> SD(n) =e FO (attire), 


n<ux 
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where SD(n) = o,(SP(n)), C(s) is the Riemann zeta-function, and € denotes any fixed positive 
number. 
Specifically, taking k = 1, then 


Dey =a 7+0 (23 ae 


where Ss(k) = o(SP(k)) denotes the Dirichlet divisor function for the Smaracdache power 
sequence. 
Y. Yang and M. Fang [28]. For the Smarandache power function SP(k), we have 


5 oo 1 2 a 1 ‘ 
jim, Sy =0, where S; = », (sama) 52 = (>: aan 


W. Huang and J. Zhao [11]. 1. For any random real number x > 3 and given real 


number k (k > 0), we have 


D_(SP{n))* = eae TT oa) ae 


yn C(k +1) TI (1- sey tO (e**#*)), 


where C(k) is the Riemann zeta-function, € denotes any fixed positive number, and II denotes 
p 
the product over all primes. 


2. For any random real number x > 3 and given real number k >0, we have 


1+k 
Siseme = SCE) wT (1 : 1 =| 0 (ati) 


n<x P 


Specifically, we have 


S-(SP(n))? = 209) 98 I (1 = 2 Ete LO (<#*)) ; 


nee p3(p+1) 


3. For any random real number x > 3, andk = 1,2,3. We have 


Ser m=" TT (2- pay tO), 


174 Y. Song No. 1 


4. For any random real number x > 3, We have 


 s(sPy) = poe TT meen to (4), 


n<u 


where $(n) is the Euler function. 


5. For any random real number x > 3, We have 


S- d((SP(n))*) = Box In* « + Byaln*-1 24 Boz ln*-?244+---+ B,_yelng + Bao + O(x?**), 


nN<u 


where d(n) is Dirichlet divisor function and Bo, Bi, Bo,--- , Be-1, Be is computable constant. 
P. Ren, Y. Wang and S. Deng [22]. 1. For any real number x > 3 and fixed real 
number k,l (k > 0,1 > 0), we have 


Sen = ree ghti41 I (1-- as) +40 (Gee) . 
Pg SA) _ (k as ake ul _ a ano Ca . 


where C(s) is the Riemann zeta-function, € denotes any fixed positive number, and II denotes 


P 
the product over all primes. 


2. For any real number x > 3 and fixed real number k' > 0, we have 


! ki+ 
rey — vl (: : a +0 (i#**), 


1 


Specifically, we have 


3. For any real number x > 3 and fixed real number, we have 


TOPO) = Ty eT] (1 saa) tO (2), 
yh 


S-n'(SP(n))? = aa 143 I (1-- 7 =! +O («' 
+) . 


lor 


2 
a l 


Ds n'(SP(n))? = 1044)” eee (1-. a1 rt) +O (ae 


NIN 


Vol. 13 A survey on Smarandache notions in number theory V 175 


L. Gao and Y. Ma [6]. Jf the product of all true divisors of n less than or equal to n, 


then n is called simple number. We have 


1 _ 2einIng LD zc clning 
= S(SP(n)) ~ Ing | Ing | In2e J’ 
néz 
22 In] In] 
> S(SP(n) = Ee 7 oe . 
men i Inz In“ x 
n&z 


where A denotes the set of simple numbers, S(n) is Smarandache function. 


§4. Smarandache exponent function 
For any fixed prime p and positive integer n, Smarandache exponent function e,(n) as 
follows: 


€p(n) = max{a : p® | n}. 


H. Liu and W. Zhang [18]. Let p be a prime, e,(n) denotes the largest exponent (of 
power p) which divides n, a(n,p) = S- ep(k). For any prime p and any fixed positive integer 


k<n 
n, we have 
n n n n 
a(n,p) =nlnInn+cn+ cy + C2 pees +p +O , 
S- ( ) Inn In? n In* n In*t1 n 
pan 
where k is any fixed positive integer, c;(t = 1,2,--- ,) are some computable constants. 


C. Lv [3]. Let p be a prime, ep(n) denotes the largest exponent of power p which divides 


n. Let p be a prime, m > 0 be an integer. Then for any real number x > 1, we have 


—1 
De (n) = apm) + O(log”** 2) 


n<ux 


where ap(m) is a computable constant. 


Specifically, taking m = 1, 2,3, for any real number x > 1, we have 


DL eo(n) = Fo + Ollog? 2) 


1 
S- e*(n) = ES + O(log? x), 


ae (p— 1) 
2 
3 _ Pp + 4p + 1 4 
s e,(n) = G2 ie x + O(log” x). 


C. Lv [4]. Let p be a prime, d(n) is the Euler totient function. Then for any real number 


xz >1, we have 


S- ep(n)o(n) = eat + O(x?*). 


n<ux 


176 Y. Song No. 1 


N. Gao [7]. 1. Let p and q are two primes, then for any real number « > 1, we have 


2 2 
eq(o(n)) — FP AEP | oy dte 
Yop eget (22°), 


nN<ux 


where € is any fixed positive number. 
2. Let q be a prime, then for any real number x > 1, we have 


S > pez) =qet O(x?*), 


n<ux 


where € is any fixed positive number. 
X. Wang [26]. Let p be a prime, m > 1 be an integer, then for any real number x > 1, 


we have i 
m_ ~m ae, m 1-i 
Do (m+ 1)" = n™ep(n) = Ge + Of). 


n™ <x 


T. Zhang [34]. Let n be any positive integer, Pa(n) denotes the product of all positive 
divisors of n. That is, Pg(n) = I[¢ and let p be a prime, a,(n) denotes the largest exponent 


Pp 
(of power p) such that por(n) | n. 
Let p be a prime, then for any real number x > 1, we have 


eIne | (p—1)°(27—1) = 2p" + 4p* +p? — 2p +1) Inp 


>. a%(Pa(n)) = | os 


| ak 
p(p — 1) ae 


n<ux 


where y is the Euler constant, and € denotes any fixed positive number. 


Specifically, taking p = 2,3,for any real number x > 1, we have 


1 Qy — 65In2—1 
S © a2(Pa(n)) = 5tlng t y 7: x4 O(x?*®), 
na 

1 8y — 137In3—4 
S > a3(Pa(n)) = grimet Y va x4 O(x?**). 


n<ux 


N. Gao [8]. Let p and q are primes with q > p. Then for any real number x > 1, we 


have 
= 1 5 
So pty = tpt + O(2?*9), if a> DP, 
a a = 1 . 
ee b—xlne | (A30 1)+ Het) 2 + O(u8*), if q=p. 


where € is any fixed positive number, y is the Euler constant. 
X. Pan and P. Zhang [20]. 1. For any prime p and complex number s with Re(s) > 1, 


we have 


where ¢(s) is the Riemann zeta-function. 


2. For any prime p, we have 
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Z. Qu [21]. For any real number x > 1 and fixed integer t > 1, 
if t>1, then 


site es Oe = CGI) etna ne Ci: 
D2 eolmor(n) = aya oay + O(a" In), 


if t=1, then 
2 
3 €p(n)or(n) = 6D” + O(a ln? 2). 
W. Huang [12]. Let p,q be primes, k > 2 be a fixed positive integer, n be an arbitrary 


positive integer, Ay(n) be k-th complement number of n, ¢(s) be Riemann zeta-function. For 
any real number x > 1, we have 


S- eq(Ax(n)) _ qr 1 pt mae 2 + p® 2qh S4.s.+p f O(x2t*) 
Pp = qk-1 { qk-2 gk-3 fete. 1 ae 2 


where € is an arbitrary positive integer. 


Specifically, if k = 2 or k = 3, let p,q be primes, for any real number x > 1, we have 


Se pee) ae ia v2 + O(x2t*), 


n<ux 


2 2 
eq(Aa(n)) FTP ATP, | oi ptte 
a? @+qtl ( ) 


n<u 


G. Ren [23]. 1. Let q>3 be any fixed positive integer, then for any real number x > 1, 


we have 


S> eg(n) = a + O(log 2). 


n<u 


2. Ifq >= 3 be any fixed positive integer, k > 2 is an integer, then we have 


—] 
S- ek(n) = 7 Balke + O(log**? 2), 


nN<ux 


where B,(k) is given by the recursion formulas: By(0) = 


Bie - (GE 1)+ (5) Balk - Oy es te 1) Balt) + B,(0) + 1) . 


Specifically, taking q = pip2 in Theorem 1, where p1,p2 are two fixed distinct primes, for 


any real number x > 1, we have 


x 
Cp p(n) = ———— + O(log 2). 
 enpaln) = —"— + O(loge) 


nN<ax 
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Y. Liu and P. Gao [19]. For any positive integer n, we have n = u’v, where v is a 
k-power free number. Let by(n) be the k-power free part of n. Let p be a prime, k be any fixed 


positive integer. Then for any real number x > 1, we have 


S> ep(be(n)) = 


n<x 


( p*—p k-1 
( 


x g2te 
Faw Fa1)* toe. 


where € denotes any fixed positive number. 


Specifically, taking k = 2, for any real number x > 1, we have 


x + O(x2**). 


S> ep(be(n)) = 


n<ux 


pt+l 


G. Ren [24]. Let p and q be two distinct primes, then for any real number x > 1, we 
have 


os v ste 
Dd era(n) = = + Ole ); 


n<ux 


where € is any fixed positive number. 


W. Zhang [35]. For any fixed prime p and any real number x > 1, we have 


p+ 


= av n° x). 
D_ an(Sp(n)) = G—ayee + Oln* 2) 


nN<u 


Specifically, taking p = 2,3, for any real number x > 1, we have 


S © a2($2(n)) = 3a + O(n? x), 


n<ux 


S| a3(93(n)) = 2 + O(In* 2). 


nN<ax 
J. Zhao [36]. Let p be a prime, then for any real number x > 1, we have 


> ep(n) = C(p, k)ap(k)a® + O(a**9), 


ne€A 


6k 1 1 
oon = 3 (1-0 aaa): 


apy(k) is a computable positive constant, € > 0 is any fixed real number, and II denotes the 
q 


where 


product over all prime q. 
Q. Yang and M. Yang [29]. Define for any two primes p and q with (p,q) = 1, let 
Cpq(n) denotes the largest exponent of power pq which divides n. That is 


Cpq(n) = max{a : (pq)* | n,ae NT}. 
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Let p and q are two primes with (p,q) =1, then for any real number x > 1, we have 


S €pq(n) = C,ghat as O(a), 
nox 


neA 


where 


Ac = @=DE=) yn 
pa = igen 
Pq < (pq) 
is a computable positive constant, and € denotes any fixed positive number. 
n 
J. Du [5]. Define arithmetical function bpg(n) = Se €nq (=) €pq(t). Let p and q are two 
t|n 

distinct primes, then for any real number x > 1, we have 


| ‘ae + 2 2pq1 
Sues Ss Y= pa + 2pqy pana), +0 (at), 


~ (pq — 1)? | (pq — 1)8 


n<ux 


where € is any fixed positive number, and y is the Euler constant. 
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